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PREFACE. 



Thi» Treatise contains the text of the Lectures which I 
hare delivered for some years past in University College. 

« 

As my design has been only to famish to Students a text- 
book for such parts of the subject as are required for the 
ordinary degree of B.A. in Universities, I have not thought 
it advisable to burden this work with mere explanation, or illus- 
tration, or to add examples ; presuming that such, where neces- 
sary, will be furnished in the Lecture^room or by the Tutor. 

Univbesitt College, 
Toronto, 

April 1, 1858w 



CHAPTEB I. 

JUfiJflMXTlONS AND PRmOIPLEa. 

1. A material particle is a portion of matter occupying an Matartai 
indefinitely small space; or^ a geometrical point endowed with 

the properties of matter. 

All bodies may be geometricaUy conceived as made up of 
particles. 

2. When the distance between two particles remains nn-n»t«. 
changed daring any period of time^ they are relatively at rest, 
and we conceive that they will continue so nnless one or both 

be acted on by some cause to which we give the name of 
Force. 

The state of rest or motion of a particle can only be con- 
ceived of in relation to others^ but it is convenient to speak of 
it ah$olutel^ as being at rest or in motion^ reference being 
luiderstood to ourselves (or some particles in a known relation 
to ourselves); and changes of rest or motion are to be consid- 
ered as produced by forces acting oh the particle alone. 

3. When a particle at rest is set in motion by a forcC; iti>i^eetioii 
will begin to move in a particular line^ which we may define magnitndt 
to be the direction or line of action of the force. The motion 
might be just prevented and the particle kept at rest, by a 
suitable force applied in an opposite direction. In this case 

the two forces are said to balance or counter-balance each 
other; and the magnitudes of two forces are said to be equal Eqvai 
when each would separately counter-balance the same force. '****** 

4. Generally, when forces acting on any system of particles statiet, 
keep them at rest, the forces are said to counter-balance, orpiobi«moci 
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to be in eqailibriam ; and the inveetigation of tlie relatioim 
among tbem in sucb case^ or the conditions of equilibrium; 
constitutes the science of Statics. 

Vorce, how 5. Some convenient force being assumed as a standard or 
uniif the magnitude of any force is measured numerically with 
reference to the unit by ihe number of such units (acting 
simultaneously at a point and opposite to the force), which it 
will counter-balance. Thus, if the force will counter-balance 
n unit forceSj its magnitude is said to be n. 

This sapposes n to be a whole number, and we can always take a 
unit-force of such magnitude that it shall be so : then, when any 
other force is taken as the unit, the magnitude of our original force 
will be expressed by the ratio (whether a whole number or fraction) 
which its magnitude bears to that of the force assumed as unit* 

In general, the term Pressure may be used for a Force thus 
statically considered and measured. 



Weight 



Unit of 
Voroe. 



Xigidity. 



6. It is found that on all bodies on the Earth a pressure is 
exerted downwards, in a vertical direction : that is, in a di- 
rection perpendicular to the surface of still water at the place ; 
and this pressure (which, for any particular body, is called the 
weight of that body) is invariable at the same place for the 
same body at all times, whatever form, size or position the 
body be made to take. Hence the weight of some particular 
body may conveniently be assumed as a unit to which other 
pressures may be referred for measurement. 

In the English system the weight of a certain piece of brass care- 
fully preserved as a standard, is called one pound Troy, and all other 
weights are referred to this. If lost, it might be restored from the 
knowledge that this pound being divided into 6760 grains j " a cubio 
inch of distilled water, of the temperature of 62° Fahrenheit, whea 
the barometer is at 80 inches, weighs 252-724 grains." 

7. When a system of particles, or a body, is such that the 
relative distances of the particles undergo no change by the 
action of the forces applied to them in any manner, the system 
is said to be rigidly connected, and the body is called a rigid 
body, relatively to the forces concerned. 



8. From tbe definitions laid down^ it will be observed that 
three elements enter into every Force : (1), its point of ap- 
plication; or the particle on which it acts ; (2), its direction ; 
(3), its magnitude. When these are known, the force is fully 
determined. 

It follows also that a force produces, on the particle on 
which it acts, no effect in a direction perpendicular to its own ; 
or that, of two forces acting simultaneously in perpendicular 
directions on a particle, neither can destroy or counterbalance 
any part of the other. 

9. The following is the fundamental law, deduced from__^„_ 
experiment, on which the Science of Statics is based : ^"^^ 

If two equal forces act respectively on two particles, which 
are rigidly connected j in the line joining them but in opposite 
directions, they will counterbalance. 

Hence, either of these forces may be transferred to the 
other particle, preserving the same direction, without altera- 
tion of its statical effect ; or : 

'' A force may be supposed to <xct at ANT point in its own 
line of action, the new point of application being rigidly 
connected with the former one ; and in this latter form the 
law is frequently stated. 

10. The following consequences may be noted : 

When a pressure is communicated by means of a straight 
rigid rod in direction of its length, the pressure is wholly 
effective in this direction and may be supposed to act at any 
point of the rod. 

When an inextensible string is stretched straight by a force ^enHion'of • 
at each end, these two forces must be equal, and their mag- string. ^ 
nitude is independent of the length of the string. Also at 
every point of the string there are acting along it, in opposite 
directions, two forces equal to the former, and either of these 
is called the tension of the string, which is thus uniform 
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thionghout its whole lengtli. The same is true when the 
string (if it be perfectly flexible) is stretched over a tmooik 
snr&ce. 

A smooth surface is one which can exert a pressure at any point of 
it, only in direction of the normal at that point. 

forcescanbe H* Since the three elements which serve to determine a 
byfftndgbf pressTirc are in their nature identical with those which deter- 
^*°**^ mine a straight line, namely — ^magnitude, direction, and point 

through which it is to be drawn — ^it follows that a straight 
line may properly be taken as the representative of a pressure. 
When, however, a line A B is so taken, it will be understood 
that the pressure acts in the direction from A towards B ] if 
written B A, then from B towards A. Frequently also, the 
words ^^ represented by^' will be omitted, and we shall use 
^^ the force A B'^ to indicate the force represented in magni- 
tude and direction by the line A B, acting in a direction fiom 
A towards B. 

12. We now proceed to state the two problems of Statics 
which alone will be here touched upon. 

(1). The conditions of equilibrium for any set of Forces 
acting on the same particle. 

(2). The conditions of equilibrium when Forces act on a 
rigid system of particles which has a fixed axis round which 
it can turn freely, the Forces acting perpendicularly to this 
axis. 



CHAPTEB n. 

FORGES AOnNG AT A POINT. 

13. When Forces act simultaneously on a particle at rest^ oef^ition or 
if the particle begin to move; its motion will commence in a 
definite direction^ and miglit be just prevented by a single 

force of suitable magnitude applied in an opposite direction. 
This force would then counterbalance the original set of Forces^ 
and a force equal and opposite to it would produce the same 
statical efifect as the first set of Forces^ and is therefore termed 
their Resultant. 

14. HencO; when any set of Forces acting at a point keep 
it at rest^ since any one of them may be considered as counter- 
balancing all the rest^ a force equal and opposite to any one of 
them is the Sesultant df all the others. 

15. Hence also the condition, in order that Forces acting OonditioDtof 

' ° Eqnilibriom.^ 

at a point may keep it at rest; is that the magnitude of their 
Eesultant shall be zerO; or that timr SMdtant sfadl Tanish. 

16. When Forces act fn the same line and dii6ction on avorowfaithe 
pointy their Eesultant acts in the same direeiioD; oad its mag- 
nitude is equal to the sum of theiir magnitvdes. If some of 

the Forces be acting in tl^ opposite difeetioa, the magnitude 
of their Resultant will be the diffiBrenee between the sums of 
the magnitudes of those acting in tlie one direction and in the 
other; and it will act in the same direedon as those Forces 
whose sum is the greater. We can, however; indicate oppo- 
siteness of direction by attaching to the magnitudes of the 

Forces the Algebraic signs 4* ^^^ ^*~> ^ ^^} ^°7 ^^^ 
Force being considered jpositivej all Forces in that direction 
will also be considered positive^ but Forces in the oppoE&te 
direction will be considered negative* 



The above lesiiltii may then be combined into the following : 

The Senuitattl of any let of Force* acting on a point in 
the same line, it the algebraic ntm of the- Foreet. 

ioBof 17. Hence alao the condition that the point may be kept 
' at rest will be that 



The algebraic fum of the Forces thaU he a 



iiab- 18. If two equal Forces act in different d 

point, their Besnltant will act in a direction bisecting the 
angle between their directions. 






Id. The Principle of the Paoalleloobah Of Forces. 

If two Forces acUng on a particle he represented in m^- 
nitude and direction by two straight lines drawn from a point, 
and the parallelogram, of which these lines are adjacent sides, 
be completed, that diagonal which passes through the point 
will represent in mngaitude and direction the Kesultant of 
the two forees. 



Let the lines AAp, AL 1 



drawn represeotiog in msgni. 
tude and direction two 

forces acting at A; and 
let p, q be the numbers 
denoti ng the ma gn i tudes 
of the forces. 

Divide AA into p 
equal parts in the points 



AL into q equal parts 
in the points B, C, D, 

: theneachofthese equal parts will represent in magnitude 

the unit foree. Through these points, draw lines parallel to the 
ori^nal lines, oompleting the parallelogram ; and suppose all 
the lettered points of the figure rigidly connected. 
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Then, since the two forces represented by AAi, AB, acting 
at A, are equal, the direction of their resultant bisects the 
angle between them, and it therefore acts in ABi : it may then 
be supposed to act at Bi (§ 9), and may there be again resolved 
into its original components, which will be represented by BB^ 
and A^B^ , of which the former may act at B, and the latter 
at Ai. 

Proceeding in the same way with this latter force, AiBi, ai 
Ai, and the force A1A2, which we may also take to act at Ax, 
we can replace these by B1B2 at Bi, and A2B2 at A2. 

Proceeding in this manner we arrive at last at B where 
we find the forces A B and. the set of forces BB^, B^B^ , 

B^Bg (which latter make up the original force p) as the 

equivalents of p and AB at A. 

Now taking up the set of forces in BB and the force re^ 
presented by BG at B, we transform them by the same process 
iato BpGp and the set in GGp at G^ . 

Following this method we arrive at last at L^, where we 
have for the equivalents of the original forces the sets of 
forces in LLp and A^L^, which may be supposed all to act 
at hp and their magnitudes are p and q. Hence we have 
transformed the original forces p and q acting at A to the 
same forces acting at L^^ in parallel directions to the former, 
and tlus without alteration of their statical effect. Hence Lp 
must be a point in the direction of the Resultant of the 
original forces at A ; that is, AL is the direction of the Ke- 
sultant, which proves the principle enunciated, so far as the 
direction of the Eesultant is concerned. 



Let AB, AG, represent the two forces acting at A> Com-^^^ 
plete the parallelogram AG BB. Then AD is the direction B«roitaat. 
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in wUch the Besaltant aots^ and we have now to prove tliat 
AD represents abo its magnitude. 



In DA produced backwards 
take AE to rej^resent Hob 
magnitude, so that a force 
represented by AE will ' be 
equal and opposite to the 
Besizltant; and the three 
forces represented by AB, 
AC, AS, will keep the point 
A at rest; and each one of 
them is equal and opposite 
to the Besrdtant of the other 
two. 




Complete the parallelogram AEFC; then, AF is the direc^ 
lion of the Besultant of the forces AE, AC, and is therefore 
opposite to AB. Hence, FAB is a etoi^ht line, and there- 
tbre FACD a parallelogram. Hence, the lines AE and AD 
are equal, being each equal to FC : but AE was taken to 
represent in magnitude the Besultant of AB, AC, and con- 
sequently AD also represents it in magnitude. Q. E. D. 



BMoitmonof 20. Conrersely, a force acting at a point can be resolved 
orce. j^^ ^^ equivalent p^ of forces at that point in an infinite 
number of ways : for, taking a line drawn from a point to 
represent the Force, and constructing on it as diagonal any 
parallelogram, the two adjacent sides terminating at this point, 
will represent an equivalent pair of forces. 



If this pair consist of two forces acting in perpendicular 
directions, then, by (§ 8), since neither can alter the statical 
effect of the other, each of them is called the whole effective 
part of the original force in this direction. 
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Tbas, if B be the foroe at Ay represented ^ AP, and it be. 

reeolyed into two forces in pei^ 
pendicular directions— namely, 
X along AB and Y along AC| 
then X and Y are the effectiyo 
paitfl of B resolved along AB 
and AG rei^ectiyely. Comple- 
ting the reotangle AGDB, X and Y will be reepeetivelj 
represented by AB, AC, and, calling the angle BAJQ, $, w# 
have fiom the right-angled triangle BAD, 

X = B eos ^; Y = B sin ^. 

21. Hence, to find the effeetiye part of a force in svysojeny, 
given direction, or, more briefly, to resolve a force in any 
given direction, multiply its magnitude hy the conne of the 
angle contaimed between ii» direction and the given direction: 

And to resolve a force perpendicnlarly to a given direction, 
mvUiphf it ^ ^ sine of this angle. 

22. So abo from the same fignre we obtain the Besnltant 
(B) of two perpendicdar forces (X, Y), and the angle (fi) 
which its direction makes with one of them (X) ; for 

B' = X' + Y^ and, tan # cx= 1 . 

23. When any number of Forces Jtot at a point, ihdr whole 
effect in any direction will be the Algebraic sum of the sepa- 
rate resolved Forces in this direction, which will evidently 
therefore be equal to thdr Besultant resolved in the same 
clireotion. 

Henoe also the algebraic awn of the separate resolved foroes in 
cBrection of the Beaultant is the Resultant itself, and the correspond- 
ing sun in a direotion perp«idiciilar to the Besultant is sero. 

24. To find the magnitude and direction of the BesvItantBMaiUait<g 
of am>y forces octiag at a point, their directions being aH in^^SS, 
^mepiane. *^ 
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Tftking any two directions at right angles to eacli ot&er, let 
eacli force be resolved into its components in these directiona 
Let the algebraic sum af these resolved parts in the one direc- 
tion be X; and in the other Y. 

Then the whole set of Forces is equivalent to the two X, Y. 

Hence, if B be the Eesultant of the whole set, and there- 
fore also of the two X; Y^ and the angle it makes with the 
direction of X, the equations in § 22 give 

K^ = X^ + Y% i^nd=L^ 

which determine the Besultant in magnitude and direction. 
We have also the equivalent relations 

X = Rcos^, Y = Ilsin^. 

of ^^' ^^fi^^ ^ conditions of equilibrium when any Forces 
equiiibrimn.; act at a pointy their directions being in one plane. 

Retaining the notation and method of the last article, since 
the only condition, in order that the point acted on by the 
Forces may be kept at rest, is (§ 15) that the Besultant of the 
Forces must be zero ; that is, B = , we have 

X = 0, Y = 0. 

And, conversely, if X = 0, and Y = , then we also have 
B = , and the point will be kept at rest; hence the neces- 
sary and sufficient eonditions of equilibrium are that 

The algebraic sfums of the Forces resolved into two perpen- 
dicular directions shall separately vanish. 

This principle will be cited under the naqie of '^The 
vanishing of the Besultant'^ 

26. The process might be reacUly extended to foroes not all acting 
in one plane. 

Thus, if three forces not in one plane act at a point, and three lines 
be ^awn representing them in magnitude and direction ; then, if the 
farallelopiped, of which these lines ave acflacent edges, be oompleted^ 
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that diagonal of it which passes through the point will represent in 
magnitude and direction the Resultant of the Forces. 

Also, if any- number of Forces act at a point, the necessary and 
sufficient conditions of equilibrium are that the algebraic sums of the 
Forces resolved along three mutually perpendicular directions shall 
separately yanish. 

The following propositions are historically interesting, 
though included in what has preceded. 

27. Triangle of Forces. Triangle of 

forcM. 

If the directions of three forces acting at a point, he parallel steTinis. 
to the sides of a triangle taken in order, and their magnitudes 
be proportional to these sides, they will keep the point at rest. 

For if ABC be the triangle, and A the point at which the 

P >*"'■" ^i;C f^^^<5es act; then, comple- 
ting the parallelogram 
ABCD, the two forces re- 
presented by AB, BC, will 
be represented by A B, 
AD, and their resultant 
by AC; which is equal and opposite to CA, the third force. 

28. Conversely If three forces acting at a point and 
keeping it at rest; be represented in direction by the sides of 
a triangle taken in order^ these sides will represent them also 
in magnitude. 

29. HencO; all problems relative to three forces keeping a 
point at rest are reduced to the solution of a plane triangle. 
Thus, if P, Q, B, be the forces, and the angle between P and Q 
be represented by (P; Q) ; then the angles of the triangle in 
tlie above proposition are the supplements of the angles be- 
tween the forces ; and; since the sine of an angle is equal to 
that of its supplement; and the cosine of an angle is the cosine 
of the supplement with opposite sign; we have (Colenso's Trig. 

§ 105; 106) 

1 9 5 LMiii'»Foi- 

8in (Q, B) ~ Sin (R, P) "^ Sin (P, Q) ' »«>"• 
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and also the eqtdyalent expressions— 

R» = P + Q' + 2 PQ cos (P, Q) 
P = Q» + R« + 2 QR cos (Q, R) 
Cy = R« + P« + 2 RP cos (R, P). 

Foiygo n of 30. Polygon of Forces. 

If Forces acting on a point he represented in magnitude 
and direction hy the sides of a polygon^ taken in order ^ they 
wiU keep the point at rest. 

For if ABCDBF be the polygon^ the forces AB, BC, haye 
for their resultant AC ; and the resultant of this and CD is 
AD ; and so on till we come to the last side which is equal 
and opposite to the resultant of all the previous ones. 

Hence the proposition^ as well as its converse; is established. 

31. In this way, the Resultant of any number of Forces 
at a point can be constructed geometrically ; for, having drawn 
consecutive lines, so that, taken in order, they are parallel to, 
in the same direction with, and proportional in magnitude to, 
the forces ; the line drawn to complete the polygon will repre- 
sent in magnitude and in reversed direction the Resultant 
required. 

It may be noticed that the Polygon referred to need not be 
a plane one, neither are re-entering angles or crossed sides 
excluded. 



CHAPTER m. 

Forces in" one plane acting on a system of rigidly 
connected points, which can turn freelt about a 
fixed point in the plane. 



32. Two intersecting forces act on a rigid system, in ^Recondition of 
same plane with a fixed point round which the system can w^n the''^ 
turn. ZasX. 

Let be the fixed point; P, Q two forces in the same 

plane with 0, their di- 
rections intersecting in Ky 
at which point, rigidly 
connected with 0, they 
may be supposed to act. 




Then if B be the Be- 
sultant of P, Q; in order 
that the point A and the 
whole system with which 
it is rigidly connected 
may be kept at rest, it is 
necessary and sufficient that the direction of B shall pass 
through the fixed point : that is, AO must be the direction 
of B. Draw OB, OC perpendicular to the directions of P, Q. 
Then, resolving the forces at A in a direction perpendicular to 
AO, we have (§ 21, 23) : 

P sin A B — Q. sin A C = 0, and therefore 

P. B — Q. C , = 0, or, 

P.OB = Q. 00. 
B 
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HMMutib- S3. The prodact F. OB, which ia the prodnct of the Dum- 
her expreseiog the magnitude of the force, and the length of 
the perpeodicnkr dropped from the point O npon its direction, 
is called the moment of the Force about that 2>oinl. 

Hence the abore result may be expressed by saying that 
when the two forces keep the system at rest, their moTtients 
mhout the fixed point are equal, the foceee teadifig to turn 
the syrtem in opposite direedons aboat the poiat : b«t if we 
indicate this opposttenees of direction by differetwe o( alge- 
bniio eign, so that the moment of one Force which tends to 
turn the system roand in one direotion being considered posi- 
tive, that of another Force tending to tnm it in the opposite 
diiecti(m will be considered negative ; we may still more briefly 
cipTcss it in the form : 

The algehraie turn of the moments of the two Force* round 
A« point mnit ie zero. 

HomHitof 34. The tnoment of the Resultant of two inlertecting 

twobKM Farca wiKod tmy point in their plane ii equal to ike dlge- 

Not ii HDti iraio »m of the moment* of the Force*. 

noraaBtiof 

**«* Let P, Q be the two 

forces intersecting in A ; 

0, any point in their 

plane; B, their Besul- 

tant. 

Draw the perpendicu- 
lars B, O C, O D. 

^heii(§ 23) the Re- 
sultant resolved in any 
direction being equal to 
the algel^'aic snm of "the 
resolved Forces in that 

direction, let them be resolved perpendicularly to OA. Hence, 

from § 21, 

R sin O A D = P. «B AB + Q sin A C, ; 
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tnd tbenrfoTe 

R. OD = P.OB + Q. OC, 

wLicb proves the propositloD. 

Coi*. We liBTB taken tlie case in irhioh tbe moments of tlie Force* 
bBrTB the same sign, the proof in this case being anfficient for alL 
Wheie, S9 in the figare, 
tlie tiro forces tend to 
turn the sjBtem iaoppo- 
dte directions, their mo- 
ments will bear different 
signs, and we bnve, by 
the suae proceBS u 

K.OD=P.OB— Q.OC; 
and the direction in 

whieh the system tends 
to turn will be indicated 
bj the sign of the mo- 
ment R. D found ftom 
this expression. 

85. Ttoo Ibrcet act in paralM direction on a rigid m/sUm. "^^^^^^^ 

Let P, Q be the two Forces; 0, any point in their plane. ^J^"^ 
Draw OCB per- 
pendicular to the 
forces. At B, 0, 
apply two equal 
and opposite forces 
T; these will in 
no waj aflfect tha 



LetEbetheKe- 
anltant of P, T,£ 
aoting at B ; and 
S that of Q, T, at C. Then the direotions of B, S will in general 
meet : let tbem do bo in A, and suppose them to act at this point. 
They can now be here resolved into their original compooenla, 
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whose mMg- P^ T ; Q^ T ; of whiob the forces T, being equal and opposite^ 
their nxm may be removed altogether, leaving the forces P, Q acting in 

a direction parallel to their original direction^ and combining 

into a single force (P + Q)« 

Again, the moment of this single force (P -|- Q) about O 
is equal to the algebraic sum of those of its components 
B and S (§ 34) ; and the moment of R is equal to the sum 
of the moments of its components, namely, P and T ; and so 
is that of S td the sum of the moments of Q and T ; among 
which moments those of the forces T destroy each other, 
leaving the algebraic sum of the moments of the original 
forces P, Q equal to the moment of the single force (P -j- Q), 
which has been shown to be their equivalent. 



«nd whose 
moment is 
the sum of 
their mo- 
kinents. 



If the Forces P, Q had been taken acting in opposite di- 
rections, we should have found by the same process that the 
single equivalent force had for its magnitude the difference of 
those of P and Q, and acted in the direction of the greater 
force, but that its moment was still equal to the algebraic sum 
of their moments. 

If, therefore, we now extend to parallel forces the same 
method of indicating oppositeness of direction by difference 
of sign, which was used in the case of Forces acting in the 
same line, we can include the above cases in a single state- 
ment, as follows : 

Two parallel forces acting on a rigid si/stem are equivalent 
to a single parallel Force which is equal to their algebraic surrvy 
and whose moment round any point in the plane of the forces is 
equal to the algebraic sum of the moments of the two forces. 

iBzMBfts ^ ^^® ®*''®» howeyer, the above process becomes nugatory, which 

.▲ couple, is when the two forces are parallel, equal, and opposite. Such a pair 

of forces is called a couple, and the case must be excluded from our 

general statement. 

Anjiwo 36- If to ^^ single equivalent Force in § 35, we give the 

JJ2Jj^ name of Resultant^ we can now include the results of the two 
last articles in one statement : 
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Any two Forces in the same plane acting on a rigid si/stem 
(unless they form a couple) are equivalent to a single Resultant 
force, whose moment round any point in their plane is equal 
to the algebraic sum of their moments round this point, 

37. Any Forces act in one plane on a rigid system. Any Force* 

in one pluM 

Taking any two of these, we find their Resultant, its mo- 
ment being the sum of the moments of the two round any as- 
sumed point in the plane; combining this Eesultantwith a third 
to form a new Kesultant, whose moment will be the sum of 
those of the three forces ; and this again with a fourth ; and 
so on till we have taken in all the forces, we are left at last 
with a single Resultant only, whose moment is equal to the 
sum of the moments of all the Forces. In thus proceeding, 
we must avoid combining with any one of the partial result- 
ants a force which would form with it a couple ; and this we 
can always do by taking instead of this force another one which 
will not form a couple, for if it did, there would then be two equal 
and parallel forces, not opposite, and these two could be com- 
bined into one which would now no longer form a couple with 
the Resultant spoken of; we can then always evade forming 
a couple until we have combined all the forces but one, and it 
may happen that this one is equal, parallel, and opposite to 
the Resultant we have obtained from all the rest, so that we 
have a couple remaining. 

Hence, any set of Forces acting in one plane on a rigid are TeAxtObu 
system are reducible either to a couple, or to a single Resultant guitant, in 
Force, whose moment round any point in the plane is equal^^^^ 
to the algebraic sum of the moments of the Forces round that 
point, 

38. To find the conditions of equilibrium when Forces in 
one plane act on a rigid system which can turn freely about 
a fi^ed point in that plane. 

The forces are reducible either to a couple or to a single ud ^r eqai- 
Resultant Force. "^"" 



tiMsamof 
their mo- 
mentBYan* 
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In the former case, equilibrium is not possible ; in the lat- 
ter, equilibrium will subsist if the Resultant either be zero 
or pass through the fixed point, and each of these suppositions 
will make its moment about this point vanish, and therefore 
also the algebraic sum of the moments of all the Forces, to 
which sum it has been shown to be equal. 

Hence the necessary and sufficient condition of equiHlHiiim 
is, that 

TJie algebraic sum of the moments of all the Forces about 
the fixed point must vanish. 

This principle will always be quoted by the name of ^Hhe 
vanishing of moments/' 

39. The same prinoiple may easily be seen to apply when the rigid 
body ts capable of turning abont a fixed straight Hne or axis, and the 
forces are not all in one plane but are perpendicular to this axis. 
The moment of each Force being taken about that point of the axis 
which is cut by a perpendicular plane containing the Force, we can 
state the condition of equilibrium in the form : 

The algebraic 9um of the moments of the Forces about the fixed axis 
must vanish. 



J 



eBAPTEB IV. 

CBNTRB OF PARALLEL FORGES, ANB OF GKAVISPV. 



40. It has been sbown tliat two parallel forces (not fonning j^^^^i^^ ^ 
a couple; acting on a rigid system^ have for Resultant a angle JJJiJJ^SJf 
force in the same plane; its direction being parallel to^^ 
that of the two, its magnitude being the algebraic sum of . 



their magnitudes, and its moment about any point in ibis^^j^ 
plane, the algebraic sum of their moments about this point. ^ 

Also, the moment of a force about a Hue to which its direc- 
tion is perpendicular has been defined to be the product of the 
number expressing the magnitude of i^e Force, by thie per- 
pendicular distance between its directrbn and the Sne. 

^41-. It win now Be shown^ that the moment of this Resultant 
of two parallel forces, ahoui any Kne perpen^cular to their 
direction, is equal to the algebraic sum of the momentis of the 
two forces about this line. 

Sa{i|K)fle the forces P, Q, to be acting in 
the same direction perpendicukrlj to the 
plane of the figure and meeting this plane in ^^ 
the points B, C; and their Resultant Rinmoftii* 
(which = P 4- Q) &nd acts parallel to and 
in the same plane with them), to meet the 
plane of the figure in A. Let baehe any 
line in this plane,, and draw to it the per- 
pendcGulars Aa, Bb, Ce. Then, if B A C 
be parallel to bacj Aa, B&, Cc, are aH 
equal, and the proposition is manifestly 
true, for 

B. Aa = (P + Q) Aa = F.Bb + Q. Ce. 




BUUDOnti of 

the VoroM. 
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Bat if BAC be not parallel to hoc, let them meet in 0. Then, 
O being a point in the plane of the forces, the moment of R 
round is equal to the sum of those of P and Q round it, 
and therefore 

R. A = P. OB + Q. 00 . 

But by similar triangles 

Ag __ Bb^ ___ ^c_ 
OA ~" OB "~ OC 

and therefore 

R. Aa = P. B6 + Q. Gc . 

Which proves the proposition for this case, and the proof holds 
good also for the cases where the forces or their moments are 
in opposite directions, haying due regard to algebraic sign. 

1x17 iramt)er 42. Any parallel Forces^ acting on a rigid system^ are 
Forces have reducible either to a couple or to a single Resultant Force 
iineie Resiii- trAicA a>cts in a parallel direction^ its magnitude being the 
algebraic sum of the magnitudes of all the Forces, and its 
moment about any assumed line perpendicular to their direc- 
tion, being equal to the algebraic sum of the moments of oM 
the Forces about this line. 

Taking any two of the Forces (which do not form a couple), 
we find their Resultant, which acts in a parallel direction, 
its magnitude being the algebraic sum of their magnitudes, 
and its moment, about any assumed line perpendicular to the 
direction of the forces, being equal to the algebraic sum of 
their moments about this line : combining this Resultant with 
any third force to form a new Resultant, and this again with 
a fourth, and so on as in § 37, we arrive at last either at a 
couple or a single Resultant Force acting in a parallel direction, 
its magnitude being equal to the algebraic sum of the magni- 
tudes of all the Forces, and its moment about the assumed 
line being equal to the algebraic sum of all their momenta 
about this line. 
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43. The centre of Parallel Forces, Centre of 

parallal 

When given parallel Forces, acting at given points of a 
rigidly connected systeniy are reducible to a single Resultant^ 
its direction passes through a point whose position is invaria- 
ble with regard to the points of the si/stem , whatever he the 
direction of the Forces, 

Take any two of the Forces P, Q, acting 
at the given points 6, C. Join BC and let 
their resultant E cut it in A. Then, the 
moment of E about any point in the plane 
being equal to the algebraic sum of the 
moments of P, Q, about this point; let 
these moments be taken about A. 

The moment of B about A in zero; 
hence, drawing hAc perpendicular to the 
direction of the forces^ 




P. A6 — . Q. Ac = 0. 
and; by similar triangleS; 

AB A6 , , ^ 

-— — = -: — ) and therefore, 
AC Ac ' 

p 

Hence B C, which is given, is cut in the point A in a ratio 
which is independent of the direction of the forces with regard 
to B C, and the position of A is therefore given with regard 
to B and C. 

Now, taking any third force, acting at D, wo may com- 
bine it with the resultant of P and Q, and the point in which 
the new resultant cuts A D will be given in position with re- 
gard to A and D, or to A, B and C. 

And thus we may go on till we arrive at the final resultant. 

Hence, the proposition as enunciated is true. 

This point is called the centre of parallel Forces. 
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rtM- wftibm 4t^, If this point — the centre of parallel forces — m a psen 
tniiMiaiMHit system be rigidly connected with the system and supported 
or fizedy. the system will be kept at rest, and will remain so 
when the forces are turned about their points of action 
into any other direction. It will also still be at rest if it 
be turned about this point into any other position, the 
forces acting always at the same points of the system, and 
being always parallel tc^ eaieh other, thouf^ iU» digection 
may be vuried at p]ea0«p». 

He pressure supported by this fixeeT eeatg» ht cBwiBatfy At 
algebraic sum of the forces, and &e aj]ge1Nm£e! sbghi off ihtSt 
moments about any Ime through thi» peiat ymaAm, 

Otatre of ^5. The Centpc of Gravity. 

When the only forces acting on a systent mm As wri jj^ 
of the several particles of that system, if i$9t- ray foser tlM 
vertically-downward directions in which these ym^im adr ts 
be parallel to each other, and the weight of any particle to be 
independent of its position ; then, since the foices all act in 
the same direction, they have a single Resultant which is 
equal to their sum, that is, to the weight of the whole system, 
and acts vertically downwards through the centre of parallel 
forces f which is in this case called the centre of yravity. 



^Hioie 46. The statical effect, therefore, of any rigid system wifl 

JJ^^JJJJ not be altered by supposing it to be without weight, and the 
^' whole weight to be collected at its centre of gravity and there 

to act — this point, however, being rigidly connected with the 

0]^tem» 

We may also, without alteration of the statical effect, con- 
ceive the system to be geometrically divided into any number 
of systems, and the weight of each of these to be collected 
at its own centre of gravity and there act, these partial centres 
of gravity being rigidly connected with each other and the 
system. 
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47. Also^ if tlie centre of grayity of a system be supported STrtem 

or fixed, tlie system will balance about this point in all posi- about, in aii 
tions under the sole action of the weights of the parts of the 
system, these being rigidly connected with each other and the 
centre of gravity, and this is sometimes made the definition 
of the centre of gravity, 

48. The position of the centre of grasr^ filKfife fi» s. #inn sysiem ^^^ faainX. 
will be determined from the considerattsav ffae^ pfawiffg l&fr sjstem 

80 that any given line in it shall be homanM^ waA miiallimi Ifav mo- 
ment of the whole weight eollected at t&tf maHae^ of grwi^ wHk tin 
moments of the seyeral weights of the pastkifla aJ^iit t&la liiiA^ tbe 
distance of the centre of gravity from the vertical plane passing 
through this line will be found. Taking thus three planes in succes- 
sion intersecting in a point, the distances of the centre of gravity 
from each of these planes can be found, and its position therefore 
determined. 

49. Since the position of the centre of gravity in the sys- 
tem depends on the relative and not the absolute weights of 
its parts, this position will not be affected by increasing or 
diminishing proportionally these weights. 

50. If a rigid body be of uniform density : that is, if theofaxmiform 
weight of a given volume of its substance be the same in ^' 
every part of the body ; then, if there be a line about which 

the form of the body is symmetrical, the centre of gravity will 
be in that line ; and if there be two such lines, the centre of 
gravity will be their intersection. Thus the centre of gravity 
of a circle or sphere is the centre ] of a parallelogram or paral- 
lelepiped, the intersection of its diagonals; of a regular prism 
or cylinder, the middle point of its axis. 

51. If a uniform body balance in every position about a 
line, the centre of gravity lies in that line ; and if about two 
such lines separately, it will be their intersection. Thus a 
triangular area will balance about a line drawn from one angle 
to bisect the opposite side, for the triangle can be generated 
by a line moving parallel to one side, and the small area gene- 
rated at any stage of its motion will balance about the line 



n- which bisecta it. Heoce the centre of gravity of a triangnlar 
area is the iotersoctloii of liaea drawn from the angles to bisect 
the opposite sides, and this Intersectioa is at a distance fiom 
the aogle of two-thirdB of the bisecter dmwn from it. 



For tst ABC be the triangle, and 
B D, G E bisect A C, A B, and meet in 
Q-. Thea Q is the centre of graTiCy. 



Join E D, vhioh is parallel t 
(Eocl. B. VI, 2), 



-^ , by ^milar triangles BOC, EGtD 

= , by Mmilar triangles A C B, A D E 



Hence BO, being double of OD, is — BD. 

The same point Q is also the centre of gravitj of three eqnal boi^es 
placed at the points A, B, C. 

OtiBj vnj- ^'""- ^° *^^ '*y •'^^ '^^ centre of gravity of any poly^nal 
<™^"™- area be found; for, dividing the figure into triaoglea, the 
weight of each of these may be supposed collected at ita own 
oentre of gravity, and the centre of gravity of the whole 
figure will be that of these weights, considered as heavy 
particles situated in those points. 

. The tnetbod of finding this latter will be treated in the 
following article. 

OfurhuTT ^2. To find iJte centre of gravitif of a tyitem of particle) 

Let 0^, Oy be two perpendicular lines in this plane, 
with regard to which the positions of the portielea aie known. 

Let P be the place of one of the particles, v> its weight 
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Draw P N, P M perpendicular to Ox, Oy, respectively, 
and denote P M by x, P N by y. 

Suppose the plane of the figure to be horizontal ; then Ox 
is a line perpendicular to the direction of the weights, and 
therefore (§ 36) the moment about Ox of the whole weight 
collected at the centre of gravity is equal to the algebraic sum 
of the separate moments about it. Hence if W be the whole 
weight, and the distance of the centre of gravity from Ox be 
denoted by y, we have 

'W':^= 2(10.2/-) 

— _ -^(^ ■ y) 



and 



where 2 denotes the algebraic sum of all the products corres* 
ponding to that within the bracket. Also, if a moment be 
reckoned positive when P is above the line Ox, it will plainly 
be negative when P is below the line, and the difference in 
sign of the moments will therefore at once be indicated by 
considering a y positive when drawn upwards from Ox, and 
negative when downwards. 

Similarly, by taking moments round Oy, if x be the dis- 
tance of the centre of gravity from Oy, we have 

_ Z (w, x) 



X 



W 



where x will be considered positive when drawn to the right 
of Oy, negative when to the lefl. 

Y 



-X 



+X. 



M 



+y 



N' 



-y 



N 



•^y 



-X 



M' 



+>L 



-y 



The distances of the 
centre of gravity from 
these two lines being 
thus found, and the 
directions in which 
these distances are 
drawn being indicated 
by the signs with 
which they are affect- 
ed, the position of the 
centre of gravity is 
fully determined. 



so 

Of iMuiicieg G(Hr.— *If the particles all lie in the same line, take this for 
ifBt. Ox. Then, every y being zero, y is so also, and the centre 

of gravity is in Ox, its distance from being given by 

— £ (wx) 
X = — ^^ — d. . 

W 

The following independent proof of this may be noted. 

•63. Let Ox be the \iw6 in irhieh the particles lie, beinf any point 
from which the distances of the particles are known, and let this line 
be placed horizontal. Let x be the distance from of the particle 
whose weight is w. 

Let W be the whole weight, and z the distance of the centre of 
of gravity from 0. 

Draw another horizontal line from perpendicnlar to Ox, This 
line will then be perpendicular to the direction of the weights, and 
the moment about it of the whole weight Mllected at the oeatre of 
gravity will be equal to ihe algebraic sum of the momfiots of the 
several weights. Heooe we ham 

W.T = 2 (tp.x) 
or T sa S (w.x) 

W 

where S denotes the algebraic sum of all the products corresponding 
to that within the bracket. Also, if a moment be reckoned positive 
when the particle is on one side of 0, that of a particle on the other 
side of will be negatiye, and the difference in algebraic sign of the 
moments will therefore at once be indicated by considering the x*a 
of the particles to be positive or negative according as they lie on 
one or the other side of 0. 

Heavy body ^^* ^*^^ <* rigid hody rests suspended from or supported 
SreSy^ite^ Z>y a fixed poirUy and acted on only hy its weight , the vertical 
viSr**TB°verti- ^*^^ e?raw/i through the centre of gravity will pass through the 
OT^{»i*w*th P^''^^ ^f suspension or support ; and, conversely, 

point of Bus- 

pension. For the weight of the body may be supposed collected at 

its centre of gravity, and there to act vertically downwards ; 
and the necessary and sufficient condition of equilibrium is 
that its moment about the fixed point must vanish, which 
requires that its direction shall pass through this point. 
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r 

Cor. 1. — ^When the centre of gravity is vertically under the 
point of support or suspension, if the body be slightly dis- 
turbed from rest, the moment of the weight will tend to bring 
it back again to its original position. The equilibrium is 
therefore said to be stable. When the centre of gravity is 
vertically above, the contraiy takes place, and the equilibrium 
is unstable. 

Cor. 2. — This affords a practical method of finding the 
centre of gravity of any plane area. Thus, suspending it 
freely from any one point, trace on it, when at rest, the 
direction of the vertical passing through this point: then, 
taking any other point (not in this line) for a new point of 
suspension, trace also the vertical through it. The intersection 
of the two lines thus drawn b the centre of gravity required. 

55. Whe7i a rigid body, having a plane base, is placed Body placed 
with this in contact with a fixed horizontal plane, and is tai plane, 
acted on only by lis own weight, it wUl stand or fall according Zt fui orer r 
as the verticaJ through its centre of gravity passes within or 
without the base, 

"By the base is here meant the figure included by a string 
stretched completely round the outside of the plane section of . 
the^body which is in contact with the horizontal plane. 

If tlie body fall over, it must begin to turn round some 
tangent to the curve formed by this string, and the moment 
of the weight, supposed collected at the centre of gravity, 
must tend about this tangent in a direction from the inside 
towards the outside of the area of the base, and the vertical 
through the centre of gravity will pass outside the base. 

Also, when this vertical passes outside, the body must fall 
over ; but if this vertical pass within the base, the moment 
of the weight about every tangent to the striiig tends in direc- 
tion from the outside towards the inside, and the body cannot 
fall over. 



CHAPTER V. 



THE MECHANICAL POWERS. 



1%6 



56. It is usual to treat of tlie Simple MacMneSj or Mechanic 
cal Powers as they are sometimes called^ under six classes^ 
namely — the Lever, the Wheel and Axle, the PuUies, the 
Inclined Plane, the Screw, and the Wedge. Of these, the 
Wedge will not be here considered, as in its practical appli- 
cation the investigation on the principles of the foregoing 
chapters would be of small utility. 



Mechanical When a power P sustains on any one of these machines a 
SaSSJl^^ weight W, the ratio W : P is called the mechanical advantage 
of the machine ; and the machine is said to gain or lose ad- 
vantage according as this ratio is greater or less than unity. 

In the following investigations, bodies will be supposed rigid, snr- 
faces smooth, strings perfectly flexible and of insensible 8i2e, and the 
parts of the machine to be without weight, unless otherwise specified. 

57. The Lever, 

straight A straight lever is a rod capable of turning freely in one 

plane about a point in itself which is fixed. This fixed point 

Archini6d66 • n i ii /• 7 

ondDavincLis Called the fuCcrum, 



]ng.L 



Case I. — The weight W at one end of the lever supported 
by a weight P at the other end. 
B AC the lever; A the fulcrum. 

Draw 6 A c horizontal, and therefore perpendicular to the 
direction of the weights. 
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Then by the vanishing of moments^ 

P. A6 — W. Ac =0 
or P. A6 = W. Ac 

^ , . . . AB AC 

But, Dv similar triangles, "tt- = — — 

A6 Ac 

and therefore P. A B = W. A C. 

Cor. 1. — The pressure on the fulcrum is the weight (P+W) 
acting vertically downwards. 

Cor. 2. — Since the relation P. AB = W. AC, does not 
involve the angle at which the lever is inclined to the horizon, 
it follows that if the lever be at rest in any one position (ex- 
cept a vertical one), on being turned into any other position 
it will still be at rest. 

Case II. — The power P and the weight W acting in oppo-pig 2^ 
site (but parallel) directions, and the weight nearer to the 
fulcrum than the power. 

Using the same construction and reasoning as in the for- 
mer case, we have here also 

P. AB = W. AC, 

Cor. 1. — The pressure on the fulcrum is here W — P^ 
acting vertically downwards. The second coroUaiy also holds. 

Case III. — ^The power P and the weight W acting in ^g. g^ 
opposite but parallel directions, and the power nearer to the 
fulcrum than the weight. As before, we have 

P. AB = W. AC. 

Cor. 1. — The pressure on the fulcrum is P — W and acta 
vertically upwards. The second corollary also holds. 

(W \ A B ^ 
— j is . p ^^^' ^^ 

^ or the ratio of the arms of the power and weight. In Case I. 
C 
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this ratio may be either equal to, greater, or lees than unity ; 
but in Case II. it is always greater, and in Case HE. less : 
hence, advantage is always gained in the second case and lost 
in the third, but may be either gained or lost in the first. 

m 

Lerer roppo- ^9- I^ *^e weight of the lever (w) be tai:en into aocomit, it may 
■ed hoayy. ^q supposed collected at the centre of gravity G (which will be the 
middle point if the lever be nniform). 

Let the vertical through G meet the horizontal A 6 c in ^. 

Then, by the vanishing of moments about A, 

P. Aft + IT. A^ — W. Ac =0 

but by similar triangles 

AB AO AC 

= = , and therefore 

A6 A^ Ac 

P. AB +W. AG —W.AC =0 

or, P. AB + ». AG = W. AC 

Similarly, in Cases n. and III. we should find 

P. AB =W. AC +w. AG. 
Here also the lever will balance in all positions about the fulcniin. 

ft 

(3^yjQ]Q(),^ 60. In the common Balance, which consists of a heavy beam, hav-* 

l^A^Ai^* ing scale pans suspended from its ends, and balancing about a hori- 
zontal knife edge, the pans and arms of the beams are made perfectly 
equal and similar on each side of the edge, but the centre of gravity 
of the beam is made to fall vertically below the knife-edge when the 
beam is horizontal. The beam will therefore rest in a horizontal po- 
sition only when the pans are loaded with equal weights ; and if then 
disturbed from this position, the moment of its own weight brings it 
back, so that the equilibrium is tiable, 

Boman Steel- ^^' In the common or Roman Steelyard, a heavy beam has attached 
yard. to it a kni£B-edge which is supported as a fulcrum ; a weight runs 

' along the upper straight edge of the beam on the longer arm, and 
the substance to be weighed is attached at a fixed point to the shorter 
arm by a hook or scale-pan. The longer arm is graduated, and the 
weight of the substance is known from the graduation at the point 
where the moveable weight is, when the beam is at rest. 
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In fig. 4, A is the knife-edge or fulornm, P the weight moTeable 
along A B : 0, the point whence the substance, whose weight W is 
required, is suspended. 

GAB being horizontal, let be the point on the other side of A 
where P would keep the Steelyard at rest when the weight W is away. 
The moment of the weight of the Steelyard about A is therefore 
equal to P. AO. 

Now let the weight W be attached, and let M be the place of P 
when equilibrium is obtained. Then, taking^moments about A, 

W. A C =rT P. A M + nioment of weight of Steelyard. 
= P. AM + P. AO. 

= P. OM 

p 
Hence, W = -j—-. OM, 

And, since P and A G are invariable, W is proportional to M : 
therefore is the point from which the graduation must be made. 
Thus, if P be at Bi when W is 1 ]b, and we take Bi =: Bi B2 == 
B2 Bs = ... ; then when P is at B2 , B3 , ... W will be 2, 8, ... lbs. 

62. The preceding cases of tlie lever are only special appli-«Prindpieof 
cations of the general investigation in Chap. III. In fact, *^* ^^•''" 
any body moveable about a fixed point and acted on by forces 

in the plane of that point may be considered a lever^ and the 
principle of § 38 is often quoted as the principle o/the lever. 

63. The Wheel and Axle. ^^^j ^^^ 

axle. 

This machine consists of a circular drum or wheel, which ^s* ^- 
ia attached to a cylinder or axle, its centre lying in the axis 
of the cylinder and its plane being perpendicular to this axis. 
The whole system runs freely on this axis, which is fixed ; and 
the power P acts by a string coiled round the wheel, and sup- 
ports a weight W which hangs from a string coiled round the 
axle. The strings being perpendicular ^to the axis, and also 
to the radii of the wheel and axle respectively at the points 
where they become uncoiled, we have for the condition of 
equilibrium, by § 39, taking moments about the axis, 

P X radius of wheel — W X radius of axle = 0, 
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MecVadT. Hence the mechanicad advantage (— ) is eqaal to tlie 
ratio of the radii of the wheel and axle. 

Cor. — Any number of wheels and axles may ran on the 
same axis, and the condition of eqnilibfiam will be that the 
sum of the products of each power into the radius of its 
wheel is equal to the corresponding sum for the weights and 
radii of the axles, the powers being all supposed to turn in 
the same direction and the weights all in the opposite. 



,^„^ a4. The FuUies. 

A pullj is a wheel running freely on an axis, which, pas- 
sing through its centre, is fixed in a block by which the pully 
is suspended and to which a weight may be attached. The 
(srcumference of the pully is grooved to admit of a string 
passing over or under it. The pully is said to be Jixed or 
Tnoveahle according as its block is so. 

Single fixed PuUt/. 

Let P, Q be the forces, applied at the end of the string 
passing over the pully. The whole system being smooth, the 
tension of the string is the same throughout (§ 10), and, 
therefore, 

P = Q. 

No mechanical advantage is gained or lost. 

Single moTc* 65. Single moveable pullg supported by a string passing 
Fig. 6. ^' under it, the /ree portions of the string being parallel^ and a 
weight attached to the block. 

Let P be the force applied to the string on one side of the 
pully ; then, the whole system being smooth, the tension of 
the string is the same throughout, and P is therefore also the 
force applied to the string on the other side. There are then 
two parallel forces, each equal to P, supporting a weight W 
which acts vertically. Hence the strings must be vertical, and 

W = 2P. 
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Here the mechanical advantage is 2. 

Cor. 1. If one end of the string be attached to a fixed point the 
same result holds good, for the tension must be the same throaghoat. 

Cor. 2. If the weight w of the pally, including the block, be taken 
into account, it may be supposed attached to the block, and we have 

W + w = 2 P. 

66. First system ofjpullies. First sysUm 

Fig. 7. 

A number of puUies are attached to the same block, which 
supports a weighty and the same, string passes round all the 
pullies. 

The portions of the strings between the pullies are supposed 
to be parallel, and will therefore also be vertical as in § 6$. 
Let P be the force applied to the string ; P will then be the 
tension throughout, and the weight W is supported by as 
many parallel forces, each equal to P, as there are parallel 
portions of the string at the lower block ; and the number of 
these portions is evidently double the number of pullies at 
this block. Hence, if n be the number of moveable pullies, 

W = 2«P; 

and the mechanical advantage is 2 n. 

Cor. If the weight of all the pullies within the lower block be w, 
the weight of the block also being included, we may suppose this 
weight attached to the block, and 

W + w = 2 » P. 
67. Second system ofpuUies. Second sys- 

tem. 
Fi< Q 

Each puUy hangs by a separate string,'^the last pully sup- 
porting the weight ; the free portions of all the strings are 
parallel, and therefore vertical. 

Let Aj, Ag, Ag,... be the pullies, n being the number of 
them ; W, the weight supported at the last one ; P, the power 
applied at the first string. Number the strings 1, 2, 3,... 
according to the pully under which each passes. The tension 
of each separate string is the same throughout. 
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The tension of (1) is P; the weight supported at Ai is 
double the tension of (1)^ and therefore = 2 P, and this is 
the tension of (2). 

The weight supported at A2 is double the tension of (2) and 
therefore = 2 (2 P) = 2^ P, and this is the tension of (3). 

The weight supported at A^ is double the tension of (3), 
and therefore = 2 (2^ P) = 2^ P, and this is the tension of 

Proceeding in this way, we come at last to the weight sup- 
ported at A» = 2^ P, and this is the attached weight. Hence, 

W == 2- P, 

and the mechanical advantage is 2^, 

Cor. 1. The mechanioal adTantage ia doubled by eyery additional 
pully. 

Pnllies gap- Cor. 2. The weight of the pullies may be readily taken into acooont 
poMd heaTj. y^y observing that, from the preceding, the force required to support 

W 

a weight W on n moTcable pulllesis --. 

2" 
Let tr , w , to . .., be the weights of the several pullies, blocks 

1 2 8 

included. Each of these weights may be supposed a weight attached 

to its block, and supported on the system of pullies above it. 

iff 
The power required to support w on one moveable pully is -1. 



<{ it it 



w^ on two " pullies is — . 
2 ^2 



t( (i (( 



V) on three " «< ~. 

w 
it a a Iff on n ** " -? 

2"* 

W 

Also " " ** W on n *« «• —. 
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And the irhole power required will Im the snm of these ; therefore, 

W = 2" P - (2"-^ «^+ 2"-' .»2 + ... + «.J 

The weight of fhe pnllies therefore lessens the adyantage of the 
machine. 

Cor. If the weight of each pully be the same (ir), then 

= 2"P-(2--l)f.. 
68. Third system o/jmUies. TUrdsystem 

Fig. 9. 

Each pally hangs by a separate string wbicli is attached to 
a bar or block carrying the weight, and the &ee portions of all 
the strings are parallel; and therefore vertical. 

This is the second system tamed upside down, the weight becoming 
a fixture, and the beam to which the strings are attached becoming a 
moyeable bar carrying a weight, and the mechanical advantage might 
be inferred from the preceding. The pressure supported by the beam 
in the second system is the sum of the tensions of the strings, that is, 

P + 2P + 2 P + ... ton terms, = (2 — 1) P, and this becomes 
the weight W in the third system. Therefore, 

W = (2** — 1) P. 

The last pully (A ), however, becomes fixed, so that the number of 

moveable puUies is only (n — 1). Making n the number of moveable 
pullies we have 

W = (2* "^ ^ — 1) P. 
The following is an independent investigation for this case. 

Let Ai, A2, A3, ... A^, be the pullies, n being their num- 
ber exclusive of the last one A, which is fixed, and n-^l the 
number of strings. 
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Bj, Bg, Bg, ... B^ J, the points at which the respective 
strings are attached to the straight bar which carries the weight 
W. Number the strings 1^ 2^ 3^ ... according to the pnllj 
oyer which each passes. 

The tension of each separate string is the same throughout. 

The weight supported is the sum of the pressures of the 
strings at B^, B^, B^.... 

The tension of (1) is P^ and this is the pressure at B^. 

The weight supported at A^ is double the tension of (1) 
and = 2 P^ and this is therefore 'the tension of (2) and the 
pressure at B^. 

The weight supported at A^ is double the tension of (2) 



k2 



and = 2 (2 P) = 2 P; and this is therefore the tension of 
(3) and the pressure at B^. 

Proceeding in this way we obtain the tension of the (» + 1)*^ 
string and pressure at B^ ^ = 2" P. 

Taking the sum of all these pressures^ 

W = P + 2P + 2*P+ +2* P. 

= (2* + ^_l)P, 

and the mechanical advantage is 2** "^ ^ — 1. 

Pomessrip- Cor. The weights of the pullies may be taken into account by 
posed baavy. ^j)gerving that each may be considered as a power acting by means <rf 
the string from which it hangs, and supporting a weight on the sys- 
tem of moveable pnllies above it. 

Let w . tf . v f .,.w , be the weights of the pullies, blocks included. 
The weight supported by «> on (»— 1) moveable pullies is (2 — !)» . 

" « w on(n — 2) " ** (2**""^— l)w. 

2 2 

«« " « on " " (2 — IW . 

Also «* " P onn " " (2*"^^— 1)P. 
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The whole weight W (including that of the bar) is the Bum of these ; 
therefore, 

W = P (2" + ' - 1) + ..^ (2" - 1) + tr^ (2" -^ -l)+...+«>^(2-l). 

The weight of the pullics therefore increases the advantage of the 
machine. 

Cor; 1. If the weight of eaeh pullj be the same («?), then, 
W = P (2** "^ ^ — 1) + w (2" + 2**"^ + ... + 2 — n) 

= P(2" + ^-l) + tr(2" + ^-2-n). 

If we put P = 0, we have 

W = w (2** "•" ^ — 2 — n), 

which is the weight that would be supported by the puUies alone. 

Cor. 2. The point of the bar to which the weight should be attached 
in order that the bar may be horizontal will be the centre of parallel 
forces for the tensions of the strings and the weight of the bar. If we 
neglect the weight of the puUies and the bar, this point will remain 
the same in a system, whatever be the power ; if, however, the weight 
of bar and pullies be considered, it will be different for different 
powers. 

69. Taking the same number n of moveable pullies in eacli sys- gygtems 
tern, the respective meehanical advantages are 2n, 2**, 2** "*" ^ — 1, <^™P*re(i. 
and these numbers are in ascending order of magnitude. 
Hence the mechanical advantage of the third system is greater 

than that of the second^ and of the second than of the first 
when there is more than one pully. 

70. The following combination of pullies may be noticed. Fpanish b» 
It is called the Spanish Barton, Fig*, lo. 

The tension of the string to which P is attached is the same 
throughout and = P. That of the other string is also the 
same throughout and = 2 P. Therefore W = 4 P. 

If we take the weights of the pullies A; B into account, we 
have W + B = 4 P + A. 
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^incUne* 71. The inclined plane. 

plane. 



This is a plane fixed at a certain angle (called its inclination) 
to the horizon^ and on it a heavy particle is supported by a 
force applied and the reaction of the plane. Since the plane 
is smooth, its reaction is exerted in a normal direction ; also 
the weight of the particle acts vertically : therefore if a verti- 
cal plane be drawn through the particle and the normal to the 
inclined plane, since the plane thus drawn contains the direc- 
tions of those two forces acting on the particle^ the third force 
or Power must also act in this plane. 

Fig. 11. Let the figure represent this plane ; AB^ the section of the 

inclined plane ; AC, horizontal. 

The angle BAC is the inclination, a (suppose). 

Let P, the power, act at an angle to AB, and let 

II be the reaction of the plane exerted perpendicularly to 
AB. 

W the weight of the particle acting vertically downwards. 

The particle is then kept at rest by the three forces P,R,W. 

Taking the resolved parts of these along AB, that of P is 
P cos (? ; of R is 0; of W is W cos (90°— a) = W sin «. 

Hence by the " vanishing of the Resultant," 

P cos ^ — W sin a = 0, 

which gives the mechanical advantage /— \ = ( ?^_ \ 

\ P / Vsin a) 

Cob. 1. For a given inclination, the mechanical advantage 
is greatest when cos 6 is greatest ; that is, when ^ = 0, and 
the force acts parallel to the plane. 

For a force acting at a given angle to planes of different 
inclinations, the mechanical advantage increases as the incli- 
nation diminishes. 
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Cob. 2. Besolving the forces horizontally ve have 
P COS (^ + a) — R sin a = 0. 

Also resolving them perpendicularly to the direction of P, 
W cos (^ + a) — R cos ^ = 0, 

These two equations give R in terms of P or W. 

Or these relations might at once have been asserted &om 
tlie " triangle of forces" (§ 29) : for this gives 

P W R 



sin a cos 6 cos (0 -|- «) 

Althougli these resalts have been obtained only for a particle, they 
are tme for a body of finite size supported on the plane by a power 
whose direction passes through its centre of gravity. 

72. In the case where the power is acting parallel to the power acting 
plane^ as where it is exerted by a string, parallel to the plane, l^^ *® 
passing over a puUy and supporting a weight P hanging freely, ^' ^ 
we have from the above by putting ^ = 0, or at once byg^yinus. 
resolving the forces along A6, observing that P is the tension 
of the string, 

P — W sin a = 

W 1 

and the mechanical advantage — = , and is the 

P sin a 

cosecant of the inclination. 

If BC (vertical) be called the height of the plane, AB its 

length : then, since sin a = , we have 

^ ' AB 

P-W^ = 
AB 



or 



P^ _ heigh t 
W "" length 
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Again, resolving forces perpendicularly to the plane, we have 

R — Wco8a = 

AG 
or R = W cos a = W 



and 



AB 

R base 



W length 



Hence the power, weighty and pressure on the plane are 
proportional to the height^ length, and base of the plane. 

Cob. This latter result is at once seen from the '^ triangle 
of forces" ; for, drawing CN perpendicular to AB, the sides 
of the triangle BCN, taken in order, are parallel to the direc- 
tions of the forces, and therefore represent them in magnitude ; 
and the triangle ABC is similar to BON. 

73. The Screw. 

Screw. 

Fig. 14. The Screw is a circular cylinder on the surface of which 

runs a protuberant spiral thread whose inclination to the axis 
of the cylinder is cveiywhere the same. This thread works 
freely in a fixed block wherein has been cut a corresponding 
groove. The power is applied perpendicularly to a rigid arm 
which passes perpendicularly through the axis of the cylinder 
and is rigidly attached to it, and the weight is supported on 
the cylinder (whose axis is here supposed to be yertical,) and 
may be supposed to act in the direction of this axis. 

74. The complement of the invariable inclination of the 
thread to the axis, or (the axis being vertical) the inclination 
to the horizontal line which touches the cylinder at the point, 

Fig. 13. jg called the pitch of the screw. If a right angled triangle 
BAO be drawn, having the base AC equal to the circumfer- 
ence of the cylinder, and the angle BAC equal to the pitch of 
the screw (a), and this triangle be wrapped smoothly on the 
cylinder, its hypothenuso will mark on the cylinder the course 
of the thread; and by superposing similar triangles, the whole 
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course of the thread may be continued. BC' is then the 
distance between two contiguous threads, and we have 

tan BAG = — ~ 
AC 

distance between two contiguous threads 
or tan a = ^ 5- 

circumference of cylinder 

75. The Screw is kept at rest by the weight (W) which jjg. 14. 
acts vertically, by the power P which acts horizontally, and by 
the reactions of the groove on the thread at the various points 
in contact. 

Since the thread is smooth, the reaction at each point of it 
is normal to the thread ; and the angle between the directions 
of this normal and the axis, being the same as that between 
the thread and the horizontal tangent which are respectively 
perpendicular to them, is a, the j^iteA. 

If then we resolve this reaction at any point, R (suppose) 
into two forces; one, vertical, and the other, horizontal and ** 
touching the cylinder, the former will be R cos a, and the 
latter E sin a. 

All these vertical portions being parallel, will form a single 
vertical resultant when magnitude is cos a 2 (R), and this 
must counterbalance the weight W, since all the other forces 
are horizontal. 

Hence cos a i: (R) = W (1) 

Again, the horizontal portions of the R's tend to turn the 
cylinder about its axis, and since each acts in a horizontal 
direction touching the cylinder, the radius of the cylinder is 
itself the perpendicular distance between the axis and the di- 
rection in each case. Hence the moment of one of these 
(R sin a) is 

R sin a X radius of cylinder^ 
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and the sum of them all is 

sin a X radius of cylinder X ^ (K-); 

and this must be equal and opposiie to the moment of the 
power, namely, P X arm of P. 

Hence sin a X radius of cylinder. 1 (R) = P X a^ni o^I*- 
Dividing the sides of this equality by those of the equality (1) 



sin a 



^ ,. f y ^ P X arm of P 
X radius of oylmder = 



cos a W 

__ . sin a ^ distance between threads 
Hence, since = tan a = -; , 

cos a circumference of cylinder 

J- X V X xr J vx ^radius r v ji \ ^ X arm of P 
dist. bet. threads X (-: of cylinder) = 

circum. W 

, . radius 1 

but = — 

circum. 2:7 

and 27r X arm of P is the circumference of the circle whicli 
the end of P's arm would describe, and may be briefly called 
the circumference of P ; hence 

P distance between contiguous threads 
W circumference of the power 

Mech. ady. and this ratio inverted is the mechanical advantage. 

Cob. 1. The mechanical advantage is increased by dimin- 
ishing the distance between the threads or increasing the arm 
of the power. 

Cor. 2. If the cylinder be heavy, its weight must be included in 
W. Instead of supporting a weight, the screw may be producing a 
pressure at its lower end, and in this case the pressure produced will 
be increased by the weight of the screw. It may also be producing 
a pressure at its upper end, and then the pressure produced must be 
diminished by this weight 
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Sometimes the screw is fixed and the block moreable, as in the case 
of a common nut; or the grooye may be cut in the screw itself, and 
the thread project in the block. 

To all these cases the preceding inyestigation applies. 

76. The Wedge, The Wedge. 

This is a solid wHose bonnding surfaces are two intersecting 
planes. Most cutting instruments come under this class. It 
is used generally to separate the parts of bodies^ either by 
blows or a moving pressure^ and in this mpde of use its inves- 
tigation belongs to Dynamics. Wben used to keep open a 
rift in a body^ it acts generally by means of friction^ and not 
by a weight applied to it ; it is therefore useless to proceed 
witb its examination on the principles employed hitherto. 



VIRTUAL VELOCITIES. 



77. K a macbine at rest under a power P and a weight W virtual re- 
be put in motion^ so however that its geometrical relations are 
unaltered; tbe spac^ described by the point of application of 

the power, estimated always in the direction of the Power, is 
called the virtual velocity of the power : and similarly for the 
weight. 

The principle of virtual velocities asserts that the product principle o£ 
of P by P's virtual velocity is equal to that of W by W's 
virtual velocity. 

78. This principle is only a special application of a far more 
general one, which it is not here necessary to examine. We 
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straight 
Leyer. 
Pig. 18. 



shall therefore only establish the priQciple^ as above stated, in 
a few of the more simple cases, by proving that it leads to the 
relations of equilibrium already found. 

The geometrical relations in a machine being such that the 
spaces described in different displacements are always propor- 
tional, it will be only necessary to prove the principle for a 
particular displacement, and we may select this as convenient. 

79. The straight lever under weights at its ends. 

Let the lever BAC be horizontal, and displace it round A 
into the position BiACi the directions of P and W meeting 
BAC in h, c. Then Bih is P's virtual velocity y and CiC 
isW's. 

The principle then asserts that 

P. Bi6=:W. Cic 



but by similar triangles. 



BiA CiA 



Wheel and 
axe. 

Fig. 6. 



Pulliea. 



hence P. AB = Q. AC, the condition found in § 57. 

80. Wheel and Axle. 

Suppose the machine to make one complete turn ; then, the 
space descended by P is the circumference of the wheel ; and 
by W, that of the axle. The principle then a'Slserts that 

P X circumference of wheel = W X circumference of 
axle, 

and the circumferences are as the radii : therefore, 

P X radius of wheel = W X radius of axle, 
the condition found in § 63. 

81. Pullies, 

In the single fixed pully, the principle is obviously true. 



Single Fully. In the single moveable pully (fig. 6), let the pully be raised 
through one inch, then W is raised through one inch, and 
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one inch of eacli portion of the string is set free ; therefore, 
P ascends through two inches^ and the principle asserts that 

P X 2=W X 1 
which is the condition in § 65. 

82. In the first system of puUies^ let the lower block be fintfTsien. 
raised one inch : then W is raised one inch, and one inch of ng.y. 
each portion of the string at the block is set free ; therefore, 

on the whole, 2n inches are set free, and this is the space 
through which P descends. 

The principle then asserts that 

P X 2n == W X 1, 
the condition found in § 66. 

83. In the second system of puUies, let W be raised 1 inch : seoonii 
then An rises through 1 inch, and each pully rises through ^***^ 
twice as much as the one below it, and P rises through twice ^' ** 
as much as the top-pully; therefore, on the whole^ Ps ascent 

will be 2^ inches ; and the principle asserts that 

P X 2« = W X 1, 
the condition found in § 67. 

84. In the third system of pullies let W and the bar be tm^ ^^. 
raised 1 inch : then each piilly descends through this 1 inch**^ 

and twice as much as the pully above it, and P descends ^••* 
through 1 inch and twice as much as Ai . 

The last pully A„ descends through I : therefore, the last 
but one descends through 1 + 2x1 

"two " " 1 + 2(1 + 2) orl + 2 + 22 

" three « " 1+2(1+2+22) or 1+2+22+2? 

and so on. 
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On the whole, P " l+2+224.28+....-|-2«, or 2»+i— 1. 
And the principle asserts that 

P X (2«+i — 1) = W X 1 
the condition found in § 68. 

Inclined 85. In the inclined plane, the power acting parallel to the 

^ *• plane, (fig. 12), let W be at the bottom of the plane and be 
^* drawn up to the top. Then Ws vertical displacement is the 

height of the plane, and P's descent is its length. The prin- 
ciple asserts that 

P X length = W X height, 
the condition found in § 75. 

Scrtw. 86. In the screw, let one complete turn be made. Tlieii 

Fig. 18. the distance moved through by the end of P's arm, esti- 
mated always in the direction of P, is the circumference 
of P ; and the space descended by W is the distance between 
two threads. The principle then asserts that 

P X circumference of P = W X distance between two 
threads, the condition found in § 75. 

87. Assuming the truth of this principle of virtual veto- 
cities, it may be conveniently employed to find the mechanical 
advantage in many machines — as examples, let us take Rcher- 
vaVs Balance, The Differential Axle, and Hunter's Screw. 

Bfibunrt S^* Iq RohervaVs Balance the sides of a parallelogram 
**^*'**' are connected by free joints with each other and with a verti- 
^'^^' cal axis passing through the middle points of opposite sides ; 
so that the figure is symmetrical about this axis, and the other 
opposite sides are always vertical. The weights P, W are car- 
ried by arms fixed perpendicularly to these latter sides, which 
arms are therefore always horizontal. If the machine, when at 
rest, be displaced, one of the weights ascends as much as the 
other descends, and they are therefore equal. 
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This result is independent of the particular points of the 
-arms from which the weights depend, and in this lies the con- 
venience of the machine as a Balance. 

89. In the Differential Axle (fig. 18), two axles of different Differential 
sizes run fixed together on the same axis, and the weight is 
supported on these by a pully, whose string is coiled round ** 
these axles in opposite directions. If P be raised by a com- 
plete turn of the machine, W descends through a space equal 

to half the quantity of string set free from the axles ; that is, 
through half the difference of the circumferences of the axles; 
and, the circumferences being as the radii, we have 

P X radius of wheel = W. i (difference of radii of axles). 

In the common wheel and axle, the power and wheel being 
given, the mechanical advantage is increased by diminishing 
the radius of the axle, but this dintinution is practically limited 
by regard to the strength of the axle. In the above machine, 
the mechanical advantage may be increased indefinitely, by 
making the axles more nearly of equal size, without too much 
weakening them. 

If the axles were absolutely equal, the mechanical adyantage 
would be infinite, and it is obvious that any weight would be here 
supported without a power at all. 

90. In Hunter's Screw (fig. 19), the weight is supported Hunted 
on a smaller screw which runs in a companion in the interior 

of a larger screw, the latter passbg through a fixed block and Fig. 19. 
being acted on by a power as usual. 

When the power makes a complete revolution and raises 
the large screw through the distance between its threads, the 
smaller screw at the same time descends in the large one 
through the distance between its own threads, and the weight 
therefore on the whole rises through the difference between 
the " distances of the threads " in the two screws. Hence, 

P X circumference of P=W X difference between distances 
of contiguous threads in the ^o screws. 
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The mechanical advantage can therefore be indefinitely in- 
creased by making the distance between the threads more 
nearly the same in each screw. In the common screw^ the 
advantage is increased by diminishing the distance between 
the threads^ but the diminution is practically limited by regard 
to the strength of the thiead. 

If each screw had the eame distance of threads, the advantage 
would be infinite, and it is obvious that any weight would be sup- 
ported without a power at all, the outer screw rising jast as much as 
the inner screw descends within it, so that the weight would be sta- 
tionary. 

iDcmynft* 91. When a power P is supporting a weight W on any ma- 
•«kiB«, chine, if the machine be set in motion, it will continue to move 
uniformly so long as its geometrical relations with the power and 
weight are unaltered ; and if s, S be the spaces gone through by 
the power and weight in any time (that is, their virtual veloci- 
ties) we have P X « = W X S. Hence a given force acting 
through a given space for any time will lift the same weight 
^y^atig only through a given space, whatever be the machine through 
^Jj^*" which it acts; and if the weight lifted be increased, in the 
same proportion will the space through which it is lifted be 
diminished. Also when a given power lifts a weight through 
a given space, the greater the weight, the greater in the same 
proportion is the space through which the power must act, 
and (the motion being uniform) the longer is the time em- 
ployed. Hence the principle of virtual velocities is sometimes 
is lost In stated in the form, that '^in every machine what is gained in 
power is lost in time." 

92. Hence also this product P X « or W X S may be con- 
sidered the work done by the machine, and is sometimes 
termed its duty; while with reference to the power, the names 
WoikdoDe of mechanical efficiency and laboring force have been given. 

•ndflfflr 

In this sense, although advantage may be gained by a ma- 
chine, no efficiency is gained or (theoretically) lost, but it 
remains the same as if the power were applied directly without 
the intervention of the machine. 



dampy. 
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Praotioally, efficiency is always lost, owing to the various resistanoes 
dae to the parts of the machine. 

93. Among engineers the standard of efficiency in the com- HopMpowir, 
parison of machines has usually been taken to be a horse power, 
-which is represented by 33,000, a lb. and foot being the units , 
employed, and the power being exerted for one minute of 
time. Thus a horse in one minute is supposed to lift 33,000 
lbs. through 1 foot, or 3,300 lbs. through 10 feet, or 330 lbs. 
through 100 feet, and so on. A machine is then said to be 
of so many horse-powers, whence the work done by it in any 
time can be calculated. 



FRICTION. 



94. Hitherto the surfaces of bodies in contact have been j^^^^ 
considered smooth, and exerting on each other no pressure 
except in a normal direction. In nature, however, all surfaces 
are more or less rough, and when one surface is pressing or 
moving upon another a force is called into play which acts in 
a direction contraiy to that of the motion, or to that in which 
motion would occur if the surfaces were smooth. This force 
IS called Friction. 

In machines, when a power is supporting a given weight, the mag- ^g^ ^ >, 
nitnde of the power, determined on the supposition of the smoothness nuu^i 
of the machine, may be increased beyond this value without disturbing 
the equilibrium, until it is great enough to overcome the friction 
together with the weight ; and, on the other hand, may be diminished 
till it is so small as with the aid of friction just to prevent the weight 
overcoming it. So also, with a given power, the weight may be 
increased or diminished within certain limits without disturbing the 
equilibrium. Generally, when the power is on the point of raising 
the weight, friction acts to the disadvantage of the power ; but, 
when the power is just preventing the weight from descending, fric- 
tion acts advantageously. When the equilibrium of a system depends 
on position, this position may with the aid of friction be varied within 
certain limits of the position determined on the supposition of smooth- 
ness, and the equilibrium be still maintained. 
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95. The motion of one surface upon another may^be of the^ 
nature of sliding or rolling, or both these. The former will 

Sliding Frio- be the caso when two plane surfaces are in contact; and tho 

laws of the friction in this case (denominated sliding /riction)V^T 
have been determined by experiment^ the two surfaces^ how- 
ever^ only tending to slide and not in actual motion. They 
are, — 

Laws of I. Between plane surfaces of given substances, the amount 

of fiiction is independent of the extent of area in contact, and 
depends only on the mutual pressure between them. 

n. The amount of friction is, for the same two substances, 
proportional to this normal pressure. 

Hence, by the second of these laws, if F be the fiiction, 

F 

and E the normal pressure, — is a constant quantity for two 

H 

Coefficient of given substances. It is called the coefficient of friction for 
these substances, and may be determined experimentally as 
follows : — 

96. Let one of the substances form an inclined plane (fig. 20) 
^;^y«-and a block of the other, of known weight W, and having 
lig. 20. ^ plane base, be placed upon it ; and, by varying the inclina- 
tion of the plane, let that inclination (a) be found at which W 
is just on the point of sliding down the plane. 



Then F acts upwards along the plane, and we have (§ 72.) 

F = W sin a. 
K = W cos a. 

Therefore the coefficient of friction ^-g j = =tan a. 

cos a 

The values of this coefficient for various substances have 
been found by experiment. 
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PREFACE. 



The arrangement of this elementary work differs from that 
of most of the recent English writers on the subject, and is in 
the main the same as that employed by Professor Sandeman in 
his " Treatise on the motion of a Particle." Adopting in full 
the principles and method of that admirable treatise, I have 
attempted little more than to translate out of the language of the 
Calculus into ordinary algebra the investigations there given of 
the simpler cases of particle-motion. 

For the reason stated in Part I., I have not added any 
examples^ and have endeavored to be as concise as possible in 
any explanations or illustrations that have appeared necessary. 

University College, 
Toronto, 

April 1, 1858. 
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CHAPTER I. 

THE MOTION 07 A PARTICLE OliOMETRICALLT CONSIDERED. 

1. When the distance between two particles changes con- Motkn 9t * 
tinnouslj during an interval of time; they are relatively in 
motion. 

The position, and consequently the motion, of one particle 
can only be conceived in relation to other particles, but it 
is convenient to speak of a particle absolutely as being at rest 
or in motion, reference being mad^ to ourselves or to some 
points in known relation to ourselves, considering these as 
fixed J and referring all motion and change of motion to the 
particle itself. 

B/ a particle is here to be understood only a geometrieal point. 

Uniform motion, 

2. When a particle is moving in a fixed straight line, its ||^ ^ stmigiit 
motion is measured by the change of its distance from a fixed 

point in this line, and the rate of this change of distance at 

any instant of time is called the velocity of the particle at that Veiodtj. 

instant. 

The change of distance in any time is here the linear space 
described by the particle in that time. If equal spaces are 
described in equal times, the change of distance in any given Jnifoim, 
time id always the same, and the rate of this change, or the measured. 
velocity^ is said to be uniform ^ and is measured by the space 
described in a given time. 

Taking a foot and a second as the units of linear space and 
time, the velocity v of a particle moving uniformly will be 
measured by the number of feet described in one second. 
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flpaee The Space described in 1 second being v, that in 2 seconds 

any time, will be 2v; in 3 seconds, Sv; and, generally, in t seconds tv; 

hence, if s be the space described in time t, with a uniform 

velocity v, 

8 = vt. 

Apparently this formula is proved only for the case where Ms a 
whole number of seconds ; but, if t be fractional, we can always as- 
sume a unit of time such that the interval of time expressed by t shall 
. contain a whole number of these units, and the formula can then be 
shewn to apply. Thus let n be a whole number such that nt is also a 

whole number T ; and let -th of a second be taken as the unit, and Y 

n 

be the velocity referred to this unit. Then the time t being ex- 
pressed in this unit by a whole number T, we have * = T.V =- nf V 
= vt ; for V being the space in one second or n units, is n times the 
space in one unit, that is, = n V. Hence the formula is general. 

Velocity, 3. Assuming some fixed point in the line of motion, if a be 

the distance of the particle from it at one instant, and s be the 
distance, estimated in the same direction, after the time t during 
which the particle has been moving uniformly with the ve- 
SJIin^int^ocity V, we shall have « = a + v/, or s = a — vt, according 
pSnt*in its* ^ ^^ particle has been moving in the direction towards which 
^n after^ * ^^ estimated positively , or in the opposite direction, 

any time. Both these cascs can be included in one formula by indicating 
oppositeness of direction of velocity by the algebraic signs -}- 
and — . Thus, fixing on one direction from the fixed point 
towards which when measured the distances are to be con- 
sidered positive, a velocity in this direction will be positive, 
and in the opposite direction, negative. 

Hence, if a particle move during successive intervals of time 

with different uniform velocities, and a be the distance from 

the fixed point at the beginning of the time, s its distance at 

the end^ then 

s = a -j- S (v.t) 

where I denotes the algebraic sum of all the products cor- 
responding to that within the brackets ; and the particle will 
be on one or the other side of the fixed point at the end of the 
time according as s comes out from this expression positive or 
negative. 
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The whole space described will, however, be the namencal 
Bum of these products, disregarding algebraic signs. 

4. When a particle moves from a fixed point in a straight Le^j^^ 
line with different velocities during successive equal intervals of Distance 
time, each velocity continuing uniform throughout its interval, point after • 
the distance of the particle from the point at the end of the serien of imi- 
time is the product of the time by the arithmetic mean of all in the sam* 
the velocities. ^^*' 

By the arithmetie mean of a number of quantities is meant their 
algebraic sum divided by the number of them. 

For let t be the whole time : - the duration of each interval : 

' n ' 

viy '^2> ^3> '•• ^^ successive velocities during the first, second, 
third ... intervals. Then the required distance will be the 
algebraic sum of the spaces described with these velocities ; 
that is, by § 2; 

t , t t 

1 n'2 Tji^S n' '' duct of the 

mean velo- 
V J- V 4- V 4- city and the 

n 

The case of any of the velocities being in the opposite direction 
(and therefore accounted negatiye) is here included ; the resulting 
sign of the algebraic sum determining on which side of the fixed point 
the particle is at the end of the time. 

Accelerated ^notion. 

6. When the velocity is not uniform, but changes during 
the motion, the velocity of the particle at any instant is mea- velocity, 
sured by the space which it would describe in a unit of time, how 
if it were to move uniformly during that ui^t with this velocity. 

The rate of change of velocity at any instant (provided it be Acceleration, 
continuous) is called the acceleration. 

If the change of velocity in a given time be always the same Uniform, 
throughout the motion, the acceleration is said to be uniform, measnrad. 
and it b measured by this change of velocity in a given time. 
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The change of yelocity ma/ be either an increase or decrease, mud 
in the latter case the acceleration is in effect a retardation. The use 
of both terms is however rendered unnecessary by introducing the 
algebraic signs 4- a-i^d — ; for a decrease is algebraically a negatiee 
increase, and thus a retardation is a negative acceleration ; and when 
we speak of velocity being increased, added, or generated, we also 
include the case of velocity being diminished, sabtracted, or 
destroyed. 

'The velocity Taking a second as the unit of time, the acceleration /, when 
5eriod*of the motion is uniformly accelerated, is the change of velocity 
•^«raUoxK '^"^ one seconds Then 2/ is the change in 2 seconds^ 3/m 3; 
and generally tfSxit seconds. 

Hence, if u be the velocity at the beginning of the time <, 
and V be the velocity at the end of this time, we have 

t? — . tt =/^, or 



Pmn restv 



6. If the particle started from rest at the beginning of th« 
time, that is, if « = 0) then we have 

V =fL 

Eetardation. "^ ' ^^ ^^ motion be uniformly retarded, / is to be taken 
negatively, and we have 

V = u — ft^ 

The particle will be reduced to rest when « — ft^= 0, or 
in a time -\ and after this, the velocity will be accelerated in 
the opposite direction and by the same steps in a reverse order; 
till after a time — , its value will be the same as at starting^ 

8. When a particle moves with a uniformly accelerated 
jnifonn: to motion from a fixed point in a straight line, to find the di^- 
dewribed tance from the point after any interval of time, 

and the place j. •^ v ^ 

of the parti- 
cle after any Let / be the uniform acceleration of the particle's motion 5 

u be its velocity when at the fixed point; s the required dis- 
tance from this point after a time U 
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Let t be divided into n equal intervals. Then^ by § 5^ the 
velocities at the beginniDgs of these intervals are^ 



t . ^ A 



^} ^+/^j ^ + 2/-, ,« + » — !/-; 



and the mean of these* is w + ^ /. -. 

Hence, by § 4, if the particle moved uniformly during each 
interval with the velocity at the beginning thereof; the dis- 
tance required would be 

n — lf^ 



«'+|/^'(l-i)- 



Similarly, if the particle moved uniformly during each 
interval with the velocity at the end thereof, the distance 
required would be 



«< + iyi'(i + i). 



Between these two values the actual distance b always lies \ 
but if we increase indefinitely the number of the assumed inter* 

vals, and diminish the duration of each, - becomes indefinitely 

small, and each of the above quantities approaches to the same 
limit, which must therefore be the value of s. Hence, 

Cob. 1. If the particle start from rest, then u = 0, and we 
have ^'^^^'"'^ ^f*"^ 



* It a, I be the first and last of a series of n quantities in arithme- 

a + 2 
tic progression, their sum » = — g""' ^• 

Hence, the mean of them - = ^-7-', or the mean of the first and 
last 
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Motioa Cob. 2. When / is positive, the velocitj is continaallj 

increased; and s is the space described by the particle in the 
time t Bat if/ be negative^ we have 

and the distance of the particle increases till the time -, wlien 

it is momentarily at rest^ the space described being ^. Aflter 

this the particle moves back by the same stages in reverse order^ 

its distance diminishing till the time -jf when it is again at 

its starting point. It then moves to the other side of tlie 
point; s becoming negative^ and being now given numerically 

by the formula 5 /j5' — ut, and the whole space described in 

m' 1 
the time t being "7 + 5 /^ — ^'* 

9. The following is another investigation of the above pro- 
inTestigation position,* after Newton's manner. Draw any line AK re- 

of the same. , _ 

Newton's presenting on any scale the number expressing the time ty and 
divide AK into equal parts in the points B, C, D; Draw 

ng. L Aa perpendicular to AK, and tak^ its magnitude on the same 
scale to represent the number expressing u the initial velocity. 
In the same way take K&' to represent u -\-fty the velocity at 
the end of the time. Draw ah parallel to AK; and at each 
of the points B, C, D..., draw perpendiculars to AK, meeting 
ay in 6', c', c?'. . ., and complete the parallelograms in the figure. 
Then, since hl^ represents /if, which is the change of velocity 
in the time AK ; by similar triangles, dd! will represent the 
corresponding change in the time AD, and D(Z' will represent 
the velocity at the end of this time, and similarly for each of 
the lines B6', Cc', 



* The proof in the preceding article is, I think, more elementary 
than the one usually glyen. For the suggestion of it I am indebted 
to the Key. G. Maynard. It is the algebraic development of « = 

/I- '- 
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Now, if the particle moved imiformly during any interval 
as CD with the velocity Cc', which it has at the beginning of 
this interval, the space described (§ 2) would be represented 
numeitcally by the area of the inner parallelogram C(^; so also 
if it moved uniformly during CD with the velocity Dei', which 
it has at the end of this interval, the space described would be 
represented by the area of the outer parallelogram C^'. If, 
therefoie, the particle moved uniformly throughout each in- 
terval on the former supposition, the whole , space described 
would be the sum of the inner parallelograms ; and if on the 
latter supposition, it would be. the sum of the outer parallelo- 
grams; and the space (s) actually described lies numerically 
between the spaces described on these two suppositions. But 
as the number of intervals is increased, and the magnitude of 
each diminished, the two series of parallelograms both approach 
nearer and nearer to the quadrilateral area AKA/a, and this 
must therefore be the value of s. Hence s is represented by 
the parallelogram Ah and triangle akJ^, that is numerically by 

Kk X AK + 2 ^^' X «^? and, therefore, 

B = ut + \fe. 

CoE. 1. If the particle were at rest at the beginning of the j^,^„,|^ 
time, that is, if u = 0^ the line ah coincides with AK, and^ ^ 
the space described is represented by the area of the triangle 
aky. Hence, 

Cor. 2. If the velocity be retarded instead of accelerated, HoUm 
the figure will take another form. At first, the space de- 
scribed and the distance from the initial point at the time AK 
will each be represented by the area of KKk'a, At the time 
AL, the velocity will be destroyed and the particle momentarily 
at I'est, the space described and the distance from the initial 
point being represented by the triangle ALa. Afterwards 
the particle returns towards its initial point, and the whole 
space described in the time AM will be represented by the 
sum of the areas of the triangles ALa, LMm', but the distance* 
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of tbe particle fVomthe initial point will be represented bjthe 
difference of tbese two triangles, and at tbe time AN (= 2AL) 
tbis distance vanisbes, and the particle is again at tbe initial 
pointy tbe wbole space described being represented bj twice 
tbe triangle ALa. Afterwards tbe particle passes to tbe otbcr 
side of tbe initial point, and its distance from it at tbe time 
AP b represented by tbe area Nn'^T, wbile tbe wbole space 
tbat bas been described in tbis time is represented by tbe sum 
of tbe triangles ALa and LPp', tbat is, by twice tbe triangle 
ALa and tbe quadrilateral Nn[pT. Tbis result is identical 
witb tbat in § 8, Cor, 3. 

10. Wben tbe particle moves from rest and its motion is 
wS!imS)rm^°^^*'^'^°^^y accelerated, we bave seen tbat tbe velocity and 
- space described at any time from tbe beginning of motion are 
given by tbe formulas^ 

and tbese are sufficient to determine all tbe circumstances of 
tbe motion in any case. 

Wben any two of tbe quantities/, r, «, tj are given, tbe re- 
maining two can be found, from tbe above equations. Tbe 
following cases may be noticed : 

IL Given tbe acceleration and space described, to find tbe 
velocity acquired. 

Here « = -/^ = -/(M, and, tberefore, 

t;« = 2/«; 

and conversely, to find tbe space tbrougb wbicb tbe particle 
.must move to acquire a given velocity, we bave 



r* 



12. Tbe equation « == ^ /t» becomes, by putting r for/^, 

* = 2 ^^' Hence tbe space described in acquiring any velo- 
city is balf tbe space wbicb would be described witb tbat 
velocity continued uniform tbrougb tbe same time. 



, 6T 

« 

i 

13. Patting < = 1, we liave « 5= x/J or /= 2«. Henoei 

twice the space described in the first second from rest measures 
the acceleration. 

14. The q^aces described from rest tn successive equal 
intervals of time, are as the odd numbers, 1^ 3, 6, T; - . ». 

For, taking any interval as the unit of time; let F be the 
acceleration referred to it. 



Then, the space described in n — 1 interrafa from rest is 

- F (n — 1) , and the space described in n intervals from rest is 

The difference between ihese is the space described in the 
n^ interval, and = F « — ^ F = ^ F (2» — 1). 

Giving to n the successive values 1; 2, 3, this becomes 

- F . 1, - F . 3, s F . 5, ....*^ which was to be proved. 

15. The initial velocity being u, find this being uniformly cirem»> 
accelerated during the time t, the velocity v at the end of this motion wbim 
time and the distance s of the particle from its initial point, was not at 
are given by the equations eommeiio*- 

ment (tf fh* 

v = tt + /(f ; « = tt< + - fi\ '^^^ 

and these are sufficient to determine all the circumstances of 
the motion in any case. 

When any three of the quantities u, f t, v, s, are given, the 
remaining two can be found from the above equations. 

The following cases may be noted : 

16. We have « = «< -f ^//? 

= i<(2T*+/0 
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or, the distance is that which would be described in the same 
time with a uniform velocity equal to the mean of the initial 
and terminal velocities. 

l^his resalt might at once have been inferred from } 8. 

17. Given the initial velocity^ the aeceleration and tiro 
distance, to find the velocity acquired. 

Here u, /, s are given to find v, and t must be eliminated 
from the two equations 

Squaring the first; we have 

= ti2 + 2/(«^+ l/O' 

= t*2 4- 2/5. 

If the velocity were retarded, we should have 

v^ = u^ — 



Cob. This result might have been obtained without finding the second 
equation, for we have directly, from J 5, 

and from { 16 or 8, 

multipljing these equalities, we have 

The following geometrical proof may also be noticed r 

&et B be the initial point, where the velocity is u; BC the space 
described («) when the velocity is v. 
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Let A be the point from whicli the particle, proceeding from rest 
under the same acceleration, wonld acquire the Yelocity u at B. Then 

(J 11), 

u^ = 2/. AB. 

Also, since the -whole motion may be taken to proceed from rest at A, 
we have (| 11) 

v^ = 2f.AC 

= 2/. (AB + AC) 
r^2/. AB + 2/. AC 

By a proper adaptation of the fignre, this proof may be extended 
to all the cases included in the algebraic formula. 

18. Given tlie initial velocity and the acceleration, to find 
the time when the particle will be at a given distance from the 
initial point. 

Here u, /, « are given to find t 

Solving as a quadratic in t the equation «==«<-}-- f^^ we 

have 

7 

The significance of the double sign is here note-worthy« 

If/ be positive, or the velocity be numerically Accelerated^ 
one of the values of < is positive, and the other negative. The 
former is the solution required, but the latter can be inter- 
preted thus : Suppose A the initial point, AP the distance s, 
and the velocity ii at A to be in the direction AP. Then the 
positive value of t in the above gives the time of moving from 
A to P; the negative value gives the time that would hav« 
elapsed if the particle had moved from P towards A, with a 
retarded motion, passed through A to the other side of it, 
been reduced to rest and again returned to A . 

If / be negative, then, writing —-/ for /, the values of € 
become 

ulf l/ U* — 2/8. 
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If ttien ti* ^ 2/8f both yalaes of I are real and pomtiye, 
And the parlide will twice be at tbe same distance from the 
initial point, onoe daring the recess from and again daring the 
retam towards it. 

If tf' = 2/8, the two valaes become the same, and tbe die- 
tance in question is that where the particle momentarily comes 
to rest. 

If u^ ^ 2/8, both yalaes oft are imaginaij; and the parti- 
cle can never reach to that distance. 

If; however; s be negative; both valaes are real; and one 
positivci the other negative, the latter referring to a time pre- 
viooA to die epoch from which we are reckoning; when the 
particlC; if it had been moving towards the initial point from 
the negative side, woald have been at the assamed distance. 

CoTnponent Vehcittes, 

Csmpodttea 19. The position and motion of a particle moving aniformlj 
^ in a straight line have been determined bj the distance of the 

ng.8. particle from a fixed point in the line; and by the change of 
this distance in a given time. Its position; however; might 
have been defined by its distances from two fixed lines, mea- 
itured parallel to these lines. Thns : let Ox, Oy be two fixed 
UneS; B the place of a particle moving in the line ABC; and 
A a fixed point in this line, the distance from which deter- 
mines the place of the particle. Let be the place at which 
the particle woald arrive after any time if it moved uniformly 
with the velocity it had at B, and complete the figure by draw- 
ing lines parallel to Ox, Oy. 

Ihe position of B is known when BP; BQ, its distances 
from these fixed lineS; are given ; and CE; CD; or their equalS; 
BD; BE; would be the changes of these distances if the par- 
ticle arrived at C by moving uniformly. 

Now BC; which would be the change of distance in a given 
time from the fixed point A; measures the velocity of the par- 
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tide: and BD^ BE are always proportion^ to BC, and there- 
fore measure what we may call the component velocities of the 
particle in the directions of the fixed lines. Hence^ 

Jf a straight line he taken to represent in magnitude andvax^sao- 
direction the velocity of a particle^ the adjacent sides of ait^ oompoacttt 
parallelogram constructed on this line as diagonal, will repre- 
sent the COMPONENT VELOCITIES in the directions of those 
sides. 

Conversely. 

If the COMPONENT VELOCITIES in two directions he given, 
the actual velocity will he found in magnitude and direction 
by drawing the diagonal of the parallelogram of which the 
components form adjacent sides. 

These two statements constitute the '^ parallelogram of com- 
ponent velocities.'' 



20. When the two components are in perpendicular direc-veiodiv 
tions^ it will he convenient to call them the resolved parts ofanjdirarttpa 
the velocity in these directions ; and the rule for finding these 
resolved parts will he the same as that for the resolved parts 
of a Force (STATICS, § 21), namely: 

To find the resolved part of a velocity in any direction^ ^oigi^ 
multiply it hy the cosine of the anj le hetween this direction 
and that of the velocity ; and to find the resolved part perpen- 
dicular to this direction, multiply hy the sine of the aforesaid 
angl^. 



CHAPTER II. 

THE MOTION OF A MATERIAL PARTICLE ACTED ON BY 

UNIFORM FORCES. 



A^tSkstAian 21. In the foregoing chapter the geometrical conditions of 
resStflto the motion of a point have been examined. It now remaiDs 
aowttnia of to exhibit the connection of these results with the actual 
^2^!^^ motions of material particles^ and the relation between these 
motions and the forces acting on the particles^ and this inves- 
tigation constitutes the science of Dynamics, 

Kzpi!r:BEWDt> For this purpose it is necessary to appeal to experiment 
and observation^ and it appears that all the phenomena of 
the motions of material particles can be referred to three 
elementary principles or laws, which are commonly known as 
"Newton's Laws of Motion." These laws, from their nature, 
are incapable of being demonstrated by direct experiment, for 
it is impossible to make experiments under the precise circum- 
stances conditioned by the Laws, and which would not involve 
other phenomena besides those which it is desired to test. 
Direct experiments may, however, afford a presumption in 
favor of these laws by showing, that the more nearly do the 
circumstances of the experiment approach to the exact condi- 
tions required, the more nearly are the results of the experi- 
ment in accord with those indicated by the Laws ; and also 
that whenever a discrepancy is found between these results, 
there can always be traced some disturbing cause which ought 
to have been excluded by the conditions postulated. 

The ultimate ground on which these and all other laws in 
Natural Philosopy rest, is the entire and universal concordance 
of the results of experiment or observation with those calcula- 
ted on the assumption of the truth of the laws. 
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22. Although ilie motion of a partiele and the forces acting 
on it can only be conceiyed in relation to other particles^ it is 
oonyenient to speak absolutely of a particle as being at rest or 
in motion, reference being made to ourselves or to some space 
in a known relation to ourselves which we consider ^€€?, and 
then to regard the phenomena exhibited by the particle as due 
to forces acting only on itself, these forces being defined by 
the measures of them already employed in Statics. 

28. First Law of Motion.* SSuU 

of Motion. 

A maUried particle^ wheti net acted on by any force^ *^^^ pint La 
reti^ will 9o remain ; and, if in motianf will move in a straigH 
line with uniform velocity. 

The first part of this law has /been already assumed (Statics 

_ _. ,1.1. . * « « • Nolbro«i 

^ 2) as the basis of our conception of a force. Experience acttiiA 
dhows that whenever a quiescent body is set in motion, we can 
trace the action of some cause external to the body; thus^ 
when a body is suffered to drop to the earth, we assign its 
motion to a pressure exerted on it due to the earth itself, and 
which would have no existence if the earth did not exist. 
Also, th^re seems no reason why a particle, apart from any^^^^*^**^ 
external force, should begin to move in one direction rather ^^^^"* 
than another. 

Again, when a particle is in motion there seems no 'oason^^^,^^ 
why it should change the direction of its motion in (me way"^"^^'"*' 
rather than another, unless some force be acting upoa ' ii td 
determine such change ; and in all cases of any such change^ 
we can always trace the acUoo of some external force ; as, for 
instance, when a stone is projected from the earth in any 
direction, the deflection of its motion from a straight line is 
produced by the aforesaid pressure due to the earth, which we 
know is always acting vertically downwards. If this pressure 
be counteracted by projecting the stone horizontally along » 

— -^ — • — ■ — ' — • — >— — ^^^^ — ■ — _ __ i_ ^^_i_^_ 

* Lix« I. Cofput omne perteverare in ttatu tuo quitteendivd moundi 
umfor miter in directum, nisi quatenui a viribut trnpreteit eogitur ilatum 
Ulum fliti^are.— Pbjmo. L^. Mot* 
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fixed plane^ the «patb approacbes to a Btraight line, with onlj 
such deviations as may be accounted for by friction or irregu- 
larities in tbe plane^ or from tbe stone not being small enough 
to be considered a particle. 

viihxinifbrm So also with regard to the velocity of the particle, it does 
*^* not seem possible to conceive any way in which its velocity 

0^1]]!^ could increase or decrease unless by the action of some external 
cause, and in actual cases of variation of velocity, we can 
always trace the existence of such causes. Thus when a stone 
is thrown horizontally along the ground, it gradually loses its 
velocity and stops, but here the friction of the ground and the 
resistance of the air act as retarding causes, and we see that 
in proportion as the surface on which the stone moves is 
smoother, as on a sheet of ice, the longer and more unifonn 
does the motion continue. 

This law is sometimes termed the Law of Inertia^ being understood 
to ezi»ress that a material particle is inerty and has no tendency of 
itself to change its state of rest or umform motioiu 

24. It follows that the motion of a material particle when 
not acted on by any forces, or acted on only by forces which 
counterbalance, is determined by the formula of uniform mo- 
tion, 8 = vty investigated in § 2. 

Uniform 25. We now proceed to consider the motion of a particle 

S^fJ^JJ^f acted on by any uniform forces, of which the following are 
the observed laws : — 

(1.) When a ULniform force acts continuoudy upon apaV' 
tide in the line of its motion,, the velociti/ is uniformly accele^ 
rated. 

A ringie ^^® investigations of § 5 e< seq., therefore, apply to this case, 

Um^ *^ (Noticing also that retardation is included in the term accele- 
ration), and we can compare the results there calculated with 
those of experiment. Thus when a body is permitted to drop 
freely to the earth, or is projected vertically downwards or 
upwards with any assigned velocity, it£ path is a vertical line, 
and the force acting on it is its weight which always acts ver- 



BOtiOIl. 



75 

tioally, and (for not great heiglits above the surface) is sensibly 
uniform. Here then the required conditions are fulfilled, and 
the result of experiment, when due allowance is made for the 
resistance of the air, is that the motion is uniformly accelerated^ 
the amount of this acceleration being about 32*2 feet a second^ 
but varying slightly for different latitudes and elevations above 
the sea-level. This acceleration is usually denoted by g, 

(2.) When several uniform forces are acting simultaneously Any txom 
in the line of motion, the resulting acceleration is the algebraic motion. 
sum of the accelerations which would he produced by each force 
acting separately. 

Hence it follows that n equal forces acting simultaneously 
on a particle in its line of motion. will produce n times the 
acceleration which one of the forces alone would produce on 
the same particle ; and, consequently, the acceleration produced 
in a given particle is proportional to the magnitude of the 
force acting. 

It will be hereafter shown how this may be tested by com- 
paring the accelerations of a particle down inclined planes of 
differen<r inclinations. 

Hence also the change of velocity in a given time is pro- 
portional to the magnitude of the ForcC; the particle acted on 
being the same. 

(3). When a moving particle is acted on continuously by aAsingio 
uniform force which acts always in the same direction andtoth«din» 
obliquely to the direction of the particle's motion, its velocity motion.. 
after any time is found to have for components — first, the 
original velocity, unaltered, in its own direction — second, a 
velocity in the direction of the Force, the magnitude of which 
is the same as if the Force had acted on the particle originally 
at rest. So that the velocity and direction of the motion may 
be found at any time by calculating the velocity which would 
be produced by the Force acting for that time on the particle 
originally at rest, and then compounding this with the original 
velocity according to the principle of the '' parallelogram of 
velocities.'' 
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Or, this may be expressed more simply tliiis : if we resolve 
the original velocity of the particle into two components, one 
in direction of the force, the other perpendicular to it, the 
latter remains unaltered and the former is changed by the 
Force precisely as if it alone were the actual velocity of the 
particle. So that 

The change of velocity produced hy the force in a given 
time ii in direction of the force and is proportional to it in 
magnittide. 

In this case the path of the particle is no longer a straight line, hut 
a curve, the tangent to which at any point is the direction of the par- 
ticle's motion there. 

The above, in other words, expresses that the dynamical 
effect of a force on a particle is wholly independent of any 
motion which the particle may have, and is the sam^e eu if 
U were exerted on the particle originally at rest. 

Thus, the vertical descent of a body let fall from the mast- 
head of a ship in motion is precisely the same in all its cir- 
cumstances as if the ship were at rest. The principle can 
also be tested by comparing the results of calculation with 
observations on the motion of a body projected obliquely to 
the horizon and acted on by gravity, due allowance being 
made for the resistance of the air. 

Mjibroes C^)' ^^®^ Several Forces act simultaneously, retaining 
J^^^y always the same magnitudes and directions, on a particle 
iSwSligi- originally at rest, the motion is uniformly accelerated in the 
nriiy at rest, direction of the Resultant of the Forces, and the acceleration 
is that due to this Eesultant acting singly. 

Also the velocity generated after any time, being that due 
to this Eesultant, is also that which is compounded of the 
velocities due to the Forces acting singly on the particle firom 
rest. 

orbimotton. Abo if the particle be in motion when the Forces begin to 
act, its velocity and direction of motion after any time will 
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be determined by compounding its original Telocity witb tbe 
Telocity due to the Hesultant of the Forces, or with all those 
due to the Forces separately. Or, 

When forces act on the same particle under any circum- 
stances f provided each force he uniform and always preserve 
the same direction^ the change of velocity in a given time due 
to each force is in direction ofthatforce^ and is proportional 
to it in magnitude, 

(5). It follows from the preceding tliat if / be the accele- 
ration due to a force P acting on a certain particle, then the particle th* 
ratio P : / is iuTariable for this particle. This ratio is found, S^rv^rtioB- 
bowcTer, to be different in different particles, and we thuSfiu«L 
discoTcr a quality which distinguishes one particle from 
another, of which this ratio will serve as a measure. The 
name of mass is given to it, and one particle has the same^'*' 
mass as another when the same force produces in each the 
same acceleration. The unit of mass is arbitrary and it is 
not necessary to fix it, but we shall take as the measure of 
mass the above ratio of the numbers expressing a Force and ^^ 
the acceleration it produces on the particle. Thus, if m be "«««•*• 
the mass of a particle, and P, / as above, 

P 

"T ^^^ ^» 

/ 

It has been mentioned that the acceleration produced by 
gravity (</) is the same for all bodies at the same place on the 
Earth's surface. Hence, if W be the weight of a body, m 
its mass, we haTC 

W 

-- = m, and 

W =: mg. 

Hence, for a giTen place, the weights of bodies may be taken 
to measure their masses. 

The fact above stated (namelj, that the aooeleration of gravity if 
the same for all bodies at the same place) is apparently contradicted 
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LoeratioB. ^7 til® different timea occupied by different bodies in falling from the 
same height to the earth ; but this is due to the different resistances 
of the air, as is shown by trial in an exhausted receiver, where the 
feather and the guinea are seen to fall precisely in the same time. 

(6.) Since P = m/, and / is proportional to the change 
of velocity in a given time (§ 6), it follows that P is propor- 
tional to the product of the mass and the change of velocity 
in a given time. 



VOBMitlUD. 



The product of the mass and the velocity (that is, of the 
numbers expressing these,) is called the momentum of the 
particle, and the preceding results can now all be combined 
in one statement, which constitutes : 

THE SECOND LAW OF MOTION.* 

iae^nd Uw. Wken uniform Forces act continuou^y for a given time on 
material particles, each produces in its own direction a 
change of m^omentum proportional to itself in magnitude, 

26. The forces hitherto treated of have been of such a nature 
SrS y^ ^ ^°^y ^ produce finite changes in the motion of a particle by 
acting on it for a finite time. There is, however, a certain class 
of forces, such as those manifested in explosions or the collision 
of bodies, which produce finite effects in changing the velocity 
or momentum instantwaeously. Such forces are called impul- 
sive, and must be carefully distinguished from forces of the 
former class, with which they do not in any way admit of 
comparison. These impulsive forces are measured by the 
momentum which each would instantaneously communicate to 
a particle at rest, and the second Law of Motion applies to 
them, stated under the form : 

Second Law When impulsive Forces a^t on material particles, each 
***^ produces in its own direction an instantaneous change of 
momentum proportional to itself in ma>gnitude. 

* Lex. II. — Mutationem motus proportionalem ease vi motrici impreasce, 
ei fieri secundum lineam reetam qua vis Ula 'imprimilur, — Peimo : Leo : 
Hot. 
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Thus the motion of a particle when acted on by fiimoltane- 
ous impulses will be determined by calculating the velocity 
instantaneously generated by each in its own direction; and 
compounding these with the original velocity of the particle 
according to the parallelogram of velocities. For instance^ if Paniieio- 
a particle at rest be acted on by two impulses which, separately fSStie* 
communicated, would give the particle respectively such velo- Aristotte. 
cities as would cause it to describe uniformly the sides AB, 
AC of a parallelogram BACB, the particle will acquire from 
the impulses simultaneously communicated a velocity which 
will cause it to describe uniformly the diagonal AD in 'that 
time. 

APPLICATIONS AND TESTS OF THE SECOND IiAW OF MOTION. J^^^j, 

27. The vertical motion of a particle under the action of 
gravity. 

The acceleration of gravity (^) has already been stated to be^^sa-a. 
about 32-2 feet per second, and to be sensibly the same for all 
bodies in the same latitude and at nearly the same height 
above the sea-level. 

Hence, applying the formulas in § 10, we have, when thepormraBt 
particle moves from rest, 

v = gt = 32-2 Xt) B = \ge = 161 X ^' 

TkvA the spaces described from rest after the lapse of 1, 2, 
3, ... seconds, are 16-1, 64*4, 144-9, feet; and the velo- 
cities acquired are 32*2, 64*4, 96*6, feet per second. 

If the body do not fall from rest, but be projected down- Projected 
wards with a velocity w, then we have § 16 °^° 

v — u + gt, 8 = ut + - g^. 

Or if it be projected vertically upwards with a velocity u, then 
the velocity and distance from the point of projection at the or up. 
Aime t are given by 

^ = u ■— gt, 8 = ut — - gfl^ 



so 

■ 

and tbe particle is brought momeatarily to rest after baving 
ascended a beiglit r- in the time - , and then descends again 
6j the same steps in reverse order; reaching its point of pio- 
jection in the time . 

Tbe resistance of the air and the rapidity of the motion render it 
difficult to test these results direetl/ bj experiment. 



MoWondown 28. Motion down a smooth inclined plane. 

an inclined 
plane. 

Galileo. ^^ ^ ^ the inclination of the plane. 

The particle is acted on bj two fbrces, namely^ its own 
weight (W) acting yerticaUj; and the reaction of the plane in 
a normal direction. If we resolye W into two forces^ one 
perpendicular to the plane, and the other (W sin a) down* 
wards along the plane, the motion estimated along the plane 
will be due to this latter only. Hence, / being the accelera* 
tion along the plane, we have § 26 (5), 

/ = Force -^- mass of particle 

= W sm a H 

9 

^= g Bin a. 

And with this value of/ the formulas of § 10 ft 15 avail to 
determine fully the motion. 



E.daVlnci. 



Cor. For the same particle, on planes of different inclina- 
tions, the accelerations are as the sines of the inclinations, or, 
the length of the plane being given, as the heights; and this 
is the test mentioned in § 2&, (2), allowance being made in 
performing the experiment for the resistance of the air and 
imperfect smoothness. 

29. The velocity acquired by moving from rest down an 
inclined plane, is equal to that acquired by falling fnely 
down the height of the plane. 
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For, / the acceleration down the plane is g sin a, and if v 
l>e the velocity acquired in moving down its lengthy § 11, 

^« = 2/ X length 
=^ 2 ^ sin a X length 
= 2^ X height; 

fmd this is the same as if the body fell freely down this height* 

Cor. If the particle were projected down or up the plan» 
ifith a velocity % and ^ be the velocity after moving through 
ftoy Imgih of it, we should have in like manner, § 17, 

t;2 = ^2 _^ 2^ sin a X length 
= 1*2 _f. 2^ X height, 

which is the same as if the particle were projected vertically 
downwards or upwards with a velocity ti, and moved freely 
through the corresponding height. 

30. TJhe time of moving from rest at the highest point of 
a vertical circle down any chord (considered a smooth inclined 
plane) is the same as the time of falling freely from rest 
doton the vertical diameter; and so is also the time of moving 
from rest down any chord to the lowest point. 

For, AB being the vertical diameter, the acceleration down «^ ^ • 

the chord AC is g cos BAC, and therefore, § 10, 

/*• A Ams 2 AC 2AB 

(time down AO)^ ==? ^rrr: = , 

•^ g cos BAG g 

which is the square of the time down AB. 

So also, the acceleration down CB is ^ cos CBA, and 

(time down CB)^ = — -- == , 

^ ^ ^008 CBA g ' I 

the same as in the former case. 
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A particle 31. Motion of a projectile. 

projected in 

ani acted on Let a particle be projected from a point in the horizon, witih 

^ *** ^' a velocity v, and in a direction making an .angle a with the 

horizon. The force acting on it being its weight which 

always is directed vertically downwards^ the motioa of the 

particle will be in one vertical plane. 

If we resolve its velocity of projection into two : namely, 
V cos a horizontally, and v sin a vertically 3 the former con- 
tinues unaltered, and the latter is retarded and accelerated by 
gravity precisely as if the particle had been projected verti- 
cally with this velocity. Hence, g being the acceleration by 
gravity, the velocity v sin a is destroyed by it in a time 

, (§ 10) ; at this moment the particle is moving hori- 

zontally, and has reached its greatest elevation above the 
horizon. The velocity 1; sin a is again generated by gravity 
by the same steps in a reverse order, till on again reaching 
the horizon the velocity is the same in magnitude, and its 
direction is equally inclined to the horizon in an opposite 
direction, as at the point of projection. The path, therefore, 
consists of two equal and similar branches on each side of the 
greatest elevation. 



Time of 
flight 



Banco. 



Greatest 

lidlglit 



V Bin a 



The whole time 0/ flight is therefore 2. , and during 

this time the horizontal distance described with the uniform 
velocity v cos a is (§ 2) 

V fiina 



V cos a. 2. 



ff 



sm a 



9 ' 
cos a , 



or 



or 



— sin 2 a. 
9 

and this is called the Range, 



(Trig. § 72.) 



The greatest elevation is the space due to the velocity t; sin a 
for the acceleration g : that is (§ 11); 

(© sin o)' 
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Again, if x be the horizontal distance of the particle from piace at any 
tlie point of projection at the time t, and y its elevation above 
the horizon at that time, we have (§§ 2 & 16), 

X = V cos a. t 

f 

y = V sin a. t — i gt^ 
which determine the place of the particle at any time. 

The path of the partiole is the curve called hj geometers a para- 
bola. In comparing these results with observation, the resistance of 
the air has to be taken into account ; and for large bodies, or con- 
siderable velocities, these results are thereby rendered quite wide of 
the obseiTed facts. 

82. Third Law op Motion.* 

When one material particle acts on another , the sccowe? Third law. 
exerts on the first an action equal in amount and opposite in 
direction to that which the first exerts on it. 

The actions here spoken of may be of various kinds; such 
as the mutual pressures between bodies in contact whether at 
rest or in motion ; or the action of one particle on another by 
means of a stretched string or a rigid rod ; or the action may 
be of the nature of attraction or repulsion ; or finally of an 
impulsive character, as in cases of collision. 

The measures of these actions are either their statical mea- 
sures or those furnished by the second law of motion. 

Sometimes the law is stated in the form : 

The actions of bodies are mutual, equal, and opposite* 

The law may be tested by direct experiment in various 
ways ; such as by noting the motion of two bodies hanging 
freely by a string passing over a pully : by observing the mo- 
tion of a magnet and piece of iron floating on water : and by 
observing the velocities of balls that have suffered collision. 



* Lix. III. Actioni contrariam semper et cequalem esse reacitonem : 
sivef eorporum duorum actiones in se mutuo semper esse cequales et in 
partes contr arias dirigi, — Prikc. Lsg. Mot. 
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APPUOATIONS AND TESTS OF THE THISD LAW OF MOTIOK. 

twwd^ta ^^' '^^^ bodies connected by an inextensible string, wbici 
©▼erapuuy. passes ovcr a smooth fixed puUy, descend by the action of 
Vewton. gravity, to determine tbe motion. 

Let P, Q be tbe weights of the two bodies, P being the 
greater of the two. 

The pully being smooth, and the weight of the string in- 
sensible, the tension of the string is, by the third Law, the 
same on each body. 

Since the string is supposed inextensible, the downward 
motion of P is the same as the upward motion of Q, and we 
may consider them as one mass acted on in the direction of 
motion by the uniform pressure P — Q. 

The weight of the mass moved is P -{- Q, and the mass is 



Atvood'B 



tig. ft. 



therefore 






But the pressure divided by the mass is the acceleration (/); 
hence, 

P + Q 



/ =(P-Q)-^^ 

P-Q 



ff 



■"P+Q^' 
and with this value of/, the formulas of § 10 & 15 apply. 

84. It has been mentioned that the velocity of a body fall- 
ing freely is too rapid to be conveniently experimented on. 
In the above case of motion, however, the acceleration can be 
made sufficiently small, depending as it does on the difference 
between P and Q, to enable observations to be made with some ^ 
accuracy. This is effected bj the arrang^nent known as 
Atwood's Machine, which consists essentially of two weights 
connected by a thin string passing over a pully, and the distur. 
banco caused by friction is lessened by the axle of the pully 
being made to rest on friction-wheels. The resistance of the 
air, however, still interferes with the results. 
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The weights are contained in two boxes A, B, and the mo» 
iion of the descending one A is measured by means of a 
vertical rod; graduated in inches^ on which a moveable stage 
can be fixed at any point, and the coincidence of the striking 
of the bottom of the box on this stage with the beat of a 
second's pendulum attached to the machine is employed to 
measure the time. 

The weights used are equal pieces of brass, denominated 
ems, and it is found that the effect of friction and of the motion 
of the puUy can be represented by supposing an additional 
number of these ems to be added to the whole weight. 

Thus, the weight of the two boxes being 12, and each being 
loaded with 20 emsj in which condition they would balance^ 
let 1 em be added to A, and 11 ems be allowed for friction 
and the effect of the pully. 

Then the weight of the whole mass moved (P -|- Q) is taken 
as 64 ems, and the moving pressure (P — Q) is 1 em. There- 
forc; applying the formula in the preceding article, 

On making the experiment the spaces described in 1, 2, 3, 
4 seconds respectively are found to be about 3, 12, 27, 48 

inches. And applying the formula s = ^/t*, the value of ^ 

comes out in each case 32 ft per second. 

The experiment may be varied in several ways, and we have 
thus a test not only of the third law, but of the uniformity of 
the acceleration produced by gravity, and of its constant value 
for bodies of different weights, § 25 (1). The machine may 
also be employed to test the propoitionality of the acceleration 
to the moving pressure, § 25 (2), the mass moved remaining 
the same. 

Thus, the boxes being loaded so as to balance, one or more 
ems in the form of long bars can be placed on A as a moving 
pressure; and a ring-stage can be fixed at any point of the 
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yertical bar wbicli permits the box to pass freely, bat removes 
tbe long emu, Afler which removal the box contioaes to de- 
scend uniformly with the velocity acquired (or would do so 
but for friction and the resistance of the air), and the space 
thus describe in one second can be measured, giving the 
velocity acquired, and therefore the acceleration. 

For example, let the boxes be loaded each with 20 ems ; 
their weight, 12 ; allowance for friction, &c., 11 ; and let 1 
long em be added to A. Then the weight of the whole mass 
is 64. After the box has descended from rest through one 
second, let the long em be removed by the ring stage. Then 
the space described in the next second by the box moving 
uniformly is found to be seven inches, and this is the measure 
of the velocity acquired in the first second, and therefore 
of the acceleration. 

Hence, the mass being 64, and the moving pressure 1, the 
acceleration is 7. 

Again, let the boxes be loaded each with 19 ems, and 3 long 
ems be put on A ; and by the same method the acceleration is 
found to be 21. 

Thus, the mass being 64, and the moving pressure 3, the 
acceleration is 21. 

So that the acceleration is proportional to the pressure. 

Again, the effect of gravity as a retarding force may be 
exhibited by allowing box A to acquire a certain velocity in 
its descent, then removing the long ems, so that the other box 
becomes the heavier, and noting the time when they are 
reduced momentarily to rest. 

Impact and Collision of smooth halls. 

35. Since balls are extended bodies, we cannot apply to them 
directly the laws for the motion of mere particles, but when 
the balls are uniform in substance, the motion of their centres 
will be the same as that of imaginary particles of the same 
masses as the balls placed in these centres. 



HawtoD. 
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Direct impact of two halls, 

36. The impact is said to be direet when the centres of the Two Ban* 
two balls are moving in the same line. The impulsive action direcUy. 
which occurs between the balls on collision takes place wholly 
in this line (the balls being smooth), and is measured (§ 26) 
by the instantaneous change of momentum in each ball in this 
direction, and, by the third law of motion, this must be the 
same in amount and opposite in direction on each ball. That 
is, the gain of momentum by one ball is the same as the loss 
by the other, and the (algebraic) sum of the momenta of the 
two balls remains unaltered by the impact; or, in other words, 

The algebraic sum of the momenta after impact is equal ^^ of 

J y J. J . J r ^ equality of 

to that before the impact, momenta. 

This gives one relation between the velocities after impact ; 
but, to determine them, another relation is still required. Thia 
is furn*ished by the following experimental law : — 

The two balls either proceed in contact with a common i^cfo-Lawof 
eitt/j or they separate in such a manner, that the magnitude J^iocuies. 
of their relative velocity after impact bears to that of their 
relative velocity before impact a ratio which depends only on 
the nature of the substance of which the balls are composed. 

In the former case the balls are called inelastic; in the Elasticity, 
latter, elastic; and the constant ratio above spoken of is called 
the elasticity for each particular substance, and is generally 
denoted by the letter e. Its value for all known substances 

lies between and 1 ; thus for steel it is ^ ; for ivory, x ; for 

glass, ~. If e were equal to 1 for any substance, it would be 

perfectly elastic, but no such substance is known in nature. 
It is clear that the case of inelastic bodies is included in that 
of elastic ones by giving to e the value 0. 

By the relative velocity of the balls is meant the algebraic 
difference of their velocities. Thus if «, v be the velocities in 
the same direction before impact, and the ball moving with u 
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oyertake the other ; then u — via their relatiye velocity ; and 
if u', i/, be the corresponding velocities after impact, the 
second ball moving away from the first, then v' — u' is the 
relative velocity, and the experimental law asserts that, 

Twoineiastie 37. Two xneloMic haUs impinge directly vyi^ given vdoei- 
ing difjtiyf tiei, to find their velocity after impact 

Let A, B be the masses of the two balls, and u, v their ve- 
locities estimated in the same direction ; then, after impact, 
they proceed with a common velocity, V (suppose). The al- 
gebraic sum of the momenta before impact is 

A«t -f- Bv; 

«nd, aflber impact, it is, 

(A + B) V. 

Hence, by the law of equality of momenta, 

(A + B) V == At* + Bv, and 

Au -J- Bv 



v = 



A + B 



If the second ball were moving in an opposite direction 
to the first, v would be taken negative, and the direction of Y 
nUl be indicated by its resulting sign. 

OoE. 1. If B WQBB'siaEwly. tben v :£=^ 0^ and 

V = u. 

A 4- B 

Cob. 2. If the balls be brought to rest by the impact, then 
V = 0, and, therefore, 

At* + Bv = 0, 

u B 

or = — . 

— V A 

Or the balls must have been moving in opposite directions 
with velocities inversely proportional to their respective masses. 
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38. Ihoo elastic balls impinge directly with given velocities y Two eiMtie 
to determine their velocities after \^pact, ing dinSuj.' 

Let A^ B^ be the maases of the two balls : 

Uy V, their yelocities before impact^ estimated in same direction; 
tt',t;', « after " " " 

Cj the elasticity. 

A is supposed to overtake B. 

Then the sum of their momenta before impact is Au -{- Bv. 
and « " after " Am' + Bv'. 

HencO; by the law of equality of momenta, 

Aw' + Bv' = Aw + Bv. 

Again, by the law of relative velocities, 

t/ — w' = e (u — v). 

From these two equations, finding w' and V, we have 

, Am 4- Bw — Be (u — v) 

u = ■ ^ 

A + B 

, Au 4- Bti 4- A« (m — v) 

V = ' ^ . 

A + B 

K B we^e moving before impact in an opposite direction, 
V would be taken negative, and the directions of u% t/ will 
be indicated by their algebraic signs. 

Cor. 1. In no case can both balls be brought to rest by the 
impact. 

Cor. 2. If the balls be perfectly elastic, or e = 1.; andTwoeqoai 
if also their masses be equal, or A = B; then we have SSSuSil^ 

tt' =v, v' = «, ^•^~^"«'- 

and the two balls exchange velocities. 

Thus, if the second were at rest, the first after impact 
would remain at rest, and the second would go on with the 
velocity of the first before impact. 
G 



90 

Cor. 8. Henoe, if a row of eqaal, perfectly elastic balls be ranged 
in contact in a straight line, a^d another ball, also perfecflj elastic 
and eqnal to each of them, impinge in this line on the first of these 
balls, the impinging ball will remain at rest after the impact, and the 
first ball will start with the same Telocity : it will then impinge on 
the second, communicating to it this Telocity, and itself remaining at 
rest : the second on the third, and so on, till the last ball files off with 
the Telocity, all the others remaining at rest. 

Again, if two such balls, moTing with the same Telocity, impinge 
on the row of balls, the first of the impinging balls will, as before, 
driTC off the last of the row ; and the second will then driTO off the 
last but one, all the others remaining at rest. And so on for any 
number of impinging balls, whether greater or less than that of the 
balls struck, the number of balls driTen off will be the same as that 
of the impinging balls, the others remaining at rest. 

Impact on a Cor. 4. In the general case, suppose B to be at rest before 
deduced. ' impact, then v = 0, and we have 

, A — B« - A + A« 

A+B' A+B 

Now suppose B to become indefinitely great compared with 
A ; then the limiting values of and ^ are 

— e and 0. Henxje, 

u' = — ew, v' = 0, 

and we have the case of a ball impinging directly on a Jixed 
body, and the first equation shews that the velocity after 
impact is in the opposite direction to that before impact, and 
its magnitude is less in the ratio of e to 1. 

39. Oblique impact of smooth halh. 

ObUqQ« Here the centres of the balls are not moving in the same 

line, but the impulsive action takes place (the balls being 
smooth) in the line joining their centres at impact. If there- 
fore the velocity of each ball be resolved in two directions : 
one, along the line joining the centres ; the other, perpendi- 
cular 'to this line: the latter resolved parts will not be altered 
by the impact, and the former will be altered precisely as if tte 
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impact were direct^ and the resolved velocities in this direction 
afler impact can be calcnlated by the preceding investigation^ 
and then compounded with those in the perpendicular direc- 
tion by the parallelogram of velocities^ thus determining fully 
tbe motion and direction of motion for each ball. 

40. Oblique impact against a smooth fixed plane. impact at » 

fixed plime. 

The impulsive action exerted by the plane is in a normal 
direction^ the plane being smooth. Hence^ if we resolve the 
Telocity of the ball in two directions : one^ along the plane ; 
the other; normal to it : the former will be unaffected by the 
impact; while the latter will be changed just as if the impact 
were direct, that is, its direction will be reversed and its mag- 
nitude diminished in the ratio of e : 1. Combining these 
velocities; the motion and direction of motion of the ball after 
impact are determined. Thus: 

Let V be the velocity of the particle, 6 the angle its direc- 
tion makes with the normal to the plane at the point of impact. 

Let V* be the velocity after impact, and & the corresponding 
angle. Then ?; cos ^, v sin are the velocities respectively 
normal to and along the plane, and we have 

ev cos ^= v' cos 6^ 
y sin ^ = v' sin (/ 

from which we obtain 

v' =^v i/ \ sin^ -\- e^ cos^ I , and 

tan ^ = - tan ^ . 

Or, the same may be done by an easy geometrical construe- ^ ^ . 
tion ; thus, take AC to represent the velocity at impact, CM conatnictioD. 
the normal, AM perpendicular to CM. Then AM, MC repre-^ifi?- «• 
sent the component velocities along and perpendicular to the 
plane. Take CN = e CM, NB perpendicular to CM and 
equal to MA; join CB : then CBwill represent in magnitude 
and direction the velocity after impact. 
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wioi pwfeot Cor. If the elasticity be perfect^ the velocity is the same 
the «n& of after impact as before^ and its direction is equally inclined to 



With 

eUur 

the 

andraflaxioiithe normal on the other side of it. 

This furnishes a simple construction for finding the direction 
in which a particle in a given position must be projected so as 
after reflexion at a fixed plane (perfectly elastic) to strike a 
given point The rule will be : aim at a point directly behind 
the plane at the same distance from it as the point required to 
be hit. 

How to hit So alsO; if it be desired to strike a given point after reflexion 

point altar at two fixed plancs in succession^ ims^ne a point at the same 

reflexioiuiat distance directly behind the second plane as the given point is 

ofpiKMs. before it^ and then aim at a point directly behind the first 

plane at the same distance from it as this imaginary point is 

before it. And a similar construction serves for the same 

problem after successive reflexions at any number of planes. 



THE END. 
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